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Abstract

This paper is concerned with the analysis of the modifications of the quasichemical solution model recently proposed by Pelton et
al. Shortcomings of these modifications are discussed, and alternative approaches to overcome the issues are suggested.

Key words: Modified quasichemical model, Phase equilibrium.

1. Introduction

Several modifications of the classical quasichemical
model of Fowler and Guggenheim [1] have been introduced
(see, for example, [2] and references therein for details).
Pelton and Blander [3] introduced:

(i) the selection of the coordination numbers;

(ii) the empirical expansion of the molar Gibbs energy of
the quasichemical reaction as polynomials in terms
of coordination equivalent mole fractions of solution
components.

The former makes it possible to set the composition of max-
imum ordering so as to comply with the experimental data,
while the latter is used for fitting data in real systems.

Further recent modifications introduced by Pelton et al.
[4] are:

(i) the expansion of the Gibbs energy of the quasichemi-
cal reaction as polynomials in pair fractions (instead
of equivalent mole fractions of solution components);

(ii) adependence of coordination numbers of the solution
components on the mole numbers of different pairs.

As pointed out by the authors, these modifications pro-
vide practical advantages in data-fitting and allow one to
set the composition of maximum ordering so as to comply
with the experimental data for each binary system individ-
ually. However, the modifications have substantial draw-
backs. Critical analysis of the modifications is presented
below.
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2. Critical analysis of the recent modifications of
the quasichemical model

2.1. Polynomial expansion in terms of pair fractions

According to Pelton et al. (see Egs. (9) and (10) in Ref.
[4]), the total Gibbs energy G of a binary solution A — B
is given by

G =nagy +npgp + RT(nalnzs +nplnzp)
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Here, n4 and np are mole numbers of the components A
and B; z4 and zp are their mole fractions; ¢% and g3
are the molar Gibbs energies of the pure solution compo-
nents; T is the absolute temperature and R is the universal
gas constant; Ag is the non-configurational Gibbs energy

change for the formation of 2 moles of (A — B) pairs in the
quasichemical reaction

(A— A) + (B - B) = 2(A - B). 2)
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The pair mole fractions z;; (i,j = A, B) are defined as
zij = n;j/(naa +npp+nap), where n;; are the mole
numbers of different pairs. The equivalent fractions y 4 and
yp are defined as

ya = Zana/(Zana + Zpng) (3)
yp = Zpnp/(Zana+ Zpnp) , (4)



where Z4 and Zp are the coordination numbers of the
solution components A and B, respectively.

The binary quasichemical model is the solution model
with one internal variable which describes the extent of the
quasichemical reaction Eq. (2). A convenient choice for the
internal variable is the mole number of (A — B) pairs nap.
na4 can be expressed as a function of n4 and n4p, while
npp is expressible as a function of ng and n 43, using the
following “mass balance” constraints (see Egs. (2) and (3)
in Ref. [4]):

Zana=2na4 +nap (5)

Zpnp =2npp +NAB . (6)

Fractions are expressible in terms of mole numbers. Then,
G is expressible as a function of n4, ng and n4p.

Suppose that the recent modifications are not used. That
is, Ag is given by (see Eq. (14) in Ref. [4])

Ag=w® =T+ > (wij =0Tyl . (7)

i+j>1
where w®, 1°, w;; and n;; are adjustable coefficients, and
the coordination numbers are constant. In this case, Ag,
Z 4 and Zp are independent of n 4 g. One verifies that G is a
convex function of nsp. The equilibrium value of nsp is a
solution of the following equation (see, Eq. (12) in Ref. [4]):

oG
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In terms of fractions, the above equation reads

x4 B _ﬁ
4<yAxAB/2>fyAxAB/2>‘eXp( RT)' ®)

The “mass balance” constraints (Egs. (5) and (6)) and
nonnegativity constraints allow x4p to vary from zero to
2max(ya,yp). It can be demonstrated that Eq. (9) has
a unique solution on this interval, which can be obtained
analytically for a binary system. In practice, however, the
equilibrium value of z 45 (or nap) is determined by an iter-
ative minimisation procedure. The convexity of the Gibbs
energy G as a function of nap ensures the convergence of
the procedure to the point of global minimum.

Now assume that the Gibbs energy of the quasichemical
reaction Ag is expressed by a polynomial in x 44 and zgp
as suggested by Pelton et al (see, Eq. (17) in Ref. [4]). That
is,

i o o
Ag=Agyp + 293403953414 + ZQAJB‘%%B , (10)
i>1 i>1

where AgSp, 9 and 9%3 are adjustable coefficients. In
this case, Ag is a function of ns, ng and napg. Then, Eq.
(9) takes the form

“hp
4(ya —2ap/2)(ya — aB/2) (11)
3 Ag +1ap(089/0n48)nans )
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(12)
It is extremely difficult, if at all possible, to solve Eq.
(11) analytically in general case even for a binary system.
This disadvantage, however, is not significant. The more
important issue is that the uniqueness of the solution of
Eq. (11) on the interval of interest is not guaranteed. The
solutions of Eq. (11) determine stationary points of G as a
function of n 4p. Several local minima are possible among
the stationary points. An iterative minimisation procedure
may converge to different local minima, depending on the
initial guess. This can lead to instabilities in calculations
of the Gibbs energy of a solution.
Furthermore, consider, for example, a solution A — B,
where Ag is given by

Ag = 40000 raa+ 40000 IBB

(13)
+(500000 — 500 T') 2% 5 J/mol.

To simplify further calculations, the coordination numbers
Z 4 and Zp are assumed to be equal to 2. Note that the
results, analogous to those presented in this section, can
be obtained for arbitrary positive constant Z4 and Zg, by
choosing x4 and zp so that ya = yg = 1/2. The molar
Gibbs energies of pure solution components are not im-
portant for the subsequent analysis and can be set to zero
without loss of generality.

The Gibbs energy of the solution of 1/2 mole of A and
1/2 mole of B as a function of z4p is presented in Fig-
ure 1 for 990K, 1000K and 1010K. As seen from Figure 1,
the Gibbs energy of the solution exhibit two local minima
approximately at xap = 0.2 and z4p = 0.8. The latter
gives a smaller value of the Gibbs energy for T" < 1000K,
while the former corresponds to a more stable phase for
T > 1000K. Both minima give exactly the same value of
the Gibbs energy at 1000K. This could be interpreted as
the presence of two different phases of the same composi-
tion in an undefined proportion at equilibrium.

The described behaviour corresponds to a phase transi-
tion. The quasichemical model is predominantly used for
liquid solutions. However, no information about such phase
transitions in liquid solutions have been found in the litera-
ture. No indications that the aforementioned modifications
of the quasichemical model are intended to describe such a
phase transition have been found either. At the same time,
no examples of such a phase transition have been found
among the polynomials reported to fit the data in real sys-
tems. It could be beneficial, however, to check the polyno-
mials in the future, in order to insure that the optimised
sets of coefficients do not give rise to the undesirable phase
transitions.
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Fig. 1. Gibbs energy of the solution of 1/2 mole of A and 1/2 mole of
B as a function of the mole fraction x 4 p for different temperatures.
The Gibbs energy of the quasichemical reaction for the solution is
given by Eq. (13)

Finally, it is difficult to justify the expansion of the Gibbs
energy of the quasichemical reaction in terms of the pair
fractions from the standpoint of Statistical Mechanics. Fol-
lowing the classical approach of Statistical Mechanics, en-
ergy levels, which “particles” of a thermodynamic system
can occupy, do not depend on the occupancies of the lev-
els. The energy levels in the quasichemical model are deter-
mined by the energy of the quasichemical reaction. If the
Gibbs energy of the quasichemical reaction is expressed by
Eq. (10), the energy levels become dependent on their oc-
cupancies. Such dependence can result in physically unre-
alistic equilibrium values of x4 5.

Indeed, when the Gibbs energy of the quasichemical re-
action Ag = 0, the equilibrium value of x 45 for the solu-
tion considered above is 1/2. If Ag is negative, the reaction
is shifted towards forming (A — B) pairs and x4p > 1/2.
Consider the solution from the previous example (Z4
Zp =2and 4 = zp = 1/2) and assume that Ag is now
given by

Ag = Agip + ghs Taa J/mol, (14)

where Ag9 s < 0 and 9,1403 <0.
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First, assume that Agyp = 0. In this case, one verifies
that the equilibrium value of 4 g for the solution is 1/2 for
any g% < 0. In other words, for arbitrarily large negative
Ag, the equilibrium value of x 45 is exactly the same as for
ideal solution, where Ag = 0. Then, assume that AgS 5z =
—100 kJ/mol and g% = 0. In this case, Ag is independent
of the pair fractions and, as expected for these large neg-
ative Ag, the equilibrium value of x4p is approximately
one. When ¢g'%; becomes progressively more negative, Ag
decreases further. However, the equilibrium value of z2p
is shifted towards 1/2.

Note that the equilibrium value of x 4 g also behaves un-
expectedly, when Ag is given by Eq. (13). If T < 1000K,
Ayg is always positive. However, as seen from Figure 1a),
4B > 0.8 at equilibrium at 990K. When temperature de-
creases, Ag increases further. The equilibrium value of x 4 g,
however, is shifted towards 1.

2.2. Dependence of coordination numbers on the pair
fractions

The following equations for the coordination numbers
have been suggested by Pelton et al. (see Egs. (19) and (20)
in Ref. [4]):

1 1 2nAA 1 nNAB
— = =3 T (15)
Za  Zia2naa+nap  Zig2naa+naB

1 1 2nBB 1 naAp
r_1 L )
Zp  Zgp?2npB+nap Zp,2npB+nap

According to the authors, the dependence is introduced so
as to simplify subsequent calculations, including those of
of chemical potentials.

However, if the coordination numbers are given by Egs.
(15) and (16), the equivalent fractions y4 and yp depend
on the mole number n 4 g of (A — B) pairs. Then, the Gibbs
energy of the quasichemical reaction Ag becomes depen-
dent on n 4 g, even if the expansion in the pair fractions (Eq.
(10)) is not used and Ag is given by Eq. (7). As discussed
above, such dependence can result in physically unrealistic
equilibrium values of x4 5. The convexity of the Gibbs en-
ergy of a solution as a function of n4p is not guaranteed
either.

For example, consider a solution A — B, where the coor-
dination numbers are given by Egs. (15) and (16), where
the constants Z4 4, Z55, Z45 and Z5 , are chosen as sug-

gested by Pelton et al., namely:
Ziha =78 =Z5a=6; Zip=3. (17)

Asin the previous examples, the molar Gibbs energies of the
solution components are not important for the subsequent
analysis and are neglected. Assume also that Ag is given by

Ag = —60000 y4 + 290185.7 % J/mol. (18)

The Gibbs energy of the solution of 2/3 mole of A and 1/3
mole of B as a function of z45 at T'= 1000K is presented
in Figure 2. As seen from Figure 2, two different phases
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Fig. 2. Gibbs energy of the solution of 2/3 mole of A and 1/3 mole
of B with variable coordination numbers as a function of the mole
fraction x o p at T' = 1000K. The coordination numbers are given by
Egs. (15-17). The Gibbs energy of the quasichemical reaction for the
solution is given by Eq. (18).

coexist at this temperature at equilibrium. If temperature
increases, the phase with the concentration of (A— B) pairs,
higher than that in an ideal solution, becomes more stable,
while the Gibbs energy of the quasichemical reaction Ag
remains positive.

Furthermore, if the coordination numbers are defined by
Egs. (15) and (16), the total mole number of pairs N, =
naa+npp+nap depends, in general, on the extent of the
quasichemical reaction. Indeed, using Egs. , (5), (6), (15)
and (16) one verifies that

ZB
na+ ZBBp, B
Zip = Zia
A
2745

N. _Z}?A

p =

+( )nan.

If the constants Z4,, Z55, Z45 and Z5, are given by
Eq. (17), then Eq. (19) reads

Np =3n4 +3np —nap/2.

19
ZE,— 78, (19)
2Z§ a

(20)

By Eq. (20), the total mole number of pairs decreases by 1/2
mole per each mole of (A — B) pairs formed. Clearly, this
physically unrealistic result contradicts to Eq. (2) which
underlies the quasichemical model. According to Eq. (2),
the total mole number of pairs N,, does not change in the
quasichemical reaction.

Note that N, is independent of nap, if Z45 = Z4, and
ZB, = ZE,, which is the case of constant coordination
numbers. In the opposite case, the condition

Zip _ _Zip —Zia

Z8x  ZBa—ZBp
should be met to make IV, independent of n 4. If the val-
ues of Z4 , and ZE; are fixed, then the values of Z4 and
ZB , are uniquely determined by Eq. (21) and by the ratio
Z45/ZE , which is selected in accordance with the com-
position of maximum ordering in the system A — B. For
example, if ZﬁA = ZgB = 6 and the maximum ordering is
observed at zp = 1/3, then Z4p =4.5and Z5, = 9.

As pointed out by Pelton et al., the configurational en-
tropy of mixing AS®™, defined by Eq. (10) in Ref. [4],
should approach zero at the composition of maximum or-
dering, as Ag tends to —oo. If this additional condition is

(21)
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applied, as was done for silica containing systems in the
previous work by Pelton and Blander [3], then the values
of Z45 and ZE , are given by

A _ e (I—ap)in(l —2p) +zpIn(zg)
Zap=74= (1—23)In(2) (22)
ZEA:ZEE_(l—xB)ln(l—xB)—i—xBln(xB) (23)

z% In(2) ’

where 27 is the composition of maximum ordering in the
binary system A— B. Clearly, using the approach suggested
by Pelton et al. [4], it is impossible, in general, to set the
composition of maximum ordering individually for each bi-
nary system and satisfy both aforementioned conditions si-
multaneously.

3. Alternative expressions for the coordination
numbers

If the coordination numbers Z4 and Zg are allowed to
be functions of the mole fraction z g, the total mole num-
ber of pairs IV, is constant for any particular value of zp.
In this case, it is possible to define the functions Z4(zp)
and Zp(xp) in such a way that the composition of max-
imum ordering can be set to comply with the experimen-
tal data individually for each binary system while satisfy-

ing the condition lim AS®" = 0 at the composition of
g——00

maximum ordering.

A simple way to achieve that is to use linear functions.
The coordination numbers in a system A— B can be defined
as follows:

ZA((EB) = (1 — SUB)ZQ + xBZf
ZB(Z‘B) = (1 - J}B)Zg —‘r.l?BZg .

(24)
(25)

Here, the value of the constant Z4 (ZE5) is common for all
binary systems containing A (respectively, B) as a compo-
nent. The values of the constants Z4 and Z% are deter-
mined from the following equations

Zh=(1—a5)Z4 + a5 2%
Zh=0—1a3)Zh + 2525 .

Here, Z%) and Z}; are defined by Eqgs. (22) and (23), respec-
tively; x} is the composition of maximum ordering in the
binary system A — B.

Zj“ is the value of Z, in the pure solution component
A, while ZB could be interpreted as the average number
of pairs formed by a single A-particle placed in the pure
solution component B. Clearly, Z ﬁ and Z% should be pos-
itive. Hence, the value of Z4 for a multicomponent system
A—B—C—... should be chosen so that Z4 > 0 and Z, >
0 forany ¢ = B, C,... . This imposes restrictions on the co-
ordination numbers in pure solution components. However,
one can use quadratic forms instead of linear functions, if
a grater flexibility in selecting the coordination numbers in
pure solution components is required.



Also note that calculations of chemical potentials are
straightforward and do not cause any problem. Expressing
fractions in terms of the corresponding mole numbers and
using Eqs. (5), (6), (24) and 25) one verifies that G is a
function of n4, np and nap. Then, the chemical potential
14 of the component A is calculated in a conventional way.
That is,

_ (9¢

pna = na .
oG oG 0

(o) (anss), o (i), @
nA nNB,MNAB anAB na,nNB 571,4 np

_ (e
_871,4 ’

nB;NAB

where Eq. (8) has been used. The chemical potential pp of
the component B is calculated similarly.

4. Use of splines for the Gibbs energy of the
quasichemical reaction

According to Pelton et al. [4], the suggested expansion
of Ag in terms of the pair fractions Eq. (10) provides a
significant practical advantage for solutions with a large
degree of ordering. As stated by the authors, for such a
solution, xpp is very small for yg < 1/2, and only the
adjustable coefficients g*05 (see Eq. (10)) are important in
this composition region. Similarly, only 9%3 are important
for yp > 1/2. Thus, for curve-fitting purposes, the solution
is split into two nearly independent sub-systems.

An alternative and straightforward way of splitting the
entire compositional range into two or more nearly indepen-
dent sub-ranges is to use piecewise polynomial functions
or splines in the mole fraction of the solution components
to express the Gibbs energy of the quasichemical reaction.
Clearly, this approach is free from the drawbacks described
above. The equivalent fractions can also be used, if the co-
ordination numbers are independent of the pair mole num-
bers. In the simplest case, the entire compositional range
is divided into two sub-ranges by the composition of maxi-
mum ordering. The experimental data in these sub-ranges
are fitted nearly independently by separate polynomials.
The polynomials are joined at the composition of maximum
ordering in a continuously differentiable way.

One could argue that splines are “too” flexible and have
limited predictive capabilities. Note, however, that the em-
pirical polynomial expansions Eqgs. (7) or (10) of the Gibbs
energy of the quasichemical reaction, which have been in-
troduced to fit experimental data in real systems, have little
theoretical justification and are of limited predictive power
too. Note that from the physical point of view, Ag is con-
stant, as is the case with the classical quasichemical model
[1]. At the same time, splines are a more powerful approxi-
mation tool than polynomials. Hence, it seems beneficial to
use splines instead of polynomials for data fitting purposes.

Furthermore, the additional flexibility of splines can be
used to re-gain predictive capabilities of the quasichemi-
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cal model, while maintaining acceptable quality of fitting
to available experimental data. For example, if only part
of the entire compositional range is experimentally investi-
gated, with is a practical situation in the thermodynamic
optimisation, the expression for Ag for the entire range can
be obtained in two steps. At the first step, the constant
Ag* that provides the best fit for the experimental data is
obtained. The quality of the fit, however, may be unsatis-
factory. In this case, the entire compositional range is di-
vided into several sub-ranges. Some of these sub-ranges are
experimentally investigated, the others are free of the ex-
perimental data. At the second step, a variation of Ag with
composition is allowed for the ranges with the experimental
data to improve the fit. The constant value Ag* is main-
tained for the ranges, where the experimental information
is not available.

Instead of using splines, one can establish criteria for the
coefficients of the polynomials in pair fractions which en-
sure the convexity of the Gibbs energy. Such criteria are
analogous to the critical temperature in Landau theory [5]
of order/disorder phase transitions, where, above the crit-
ical temperature, the Gibbs energy is a convex function of
order parameters. The convexity of the Gibbs energy, how-
ever, does not prevent unrealistic predictions of the equi-
librium values of x 4 g described in the end of Section 2.1 of
the present study. It is worth noting that the use of splines
simultaneously ensures the convexity of the Gibbs energy
and does not result in the unrealistic predictions of the
equilibrium pair fractions.

5. Conclusions

(i) The recently proposed modifications of the quasi-
chemical model can result in physically unrealistic
predictions of phase equilibria. If these modifications
are used as a fitting tool, special precautions should
be taken to neutralize the described drawbacks.

(ii) Stability of the calculations of the Gibbs energy
of a solution phase described by the quasichemical
model with the recent modifications is not guaran-
teed, which imposes additional requirements on the
software used for the calculation of the Gibbs energy.

(iii) Alternative modifications which are free from the de-
scribed drawbacks are discussed.
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