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Abstract 

This work presents sparse-Lagrangian simulations of a lifted 

hydrogen flame in a vitiated coflow of combustion products. An 

Eulerian Large Eddy Simulation generates turbulent flow field 

data including filtered velocity, density and a reference mixture 

fraction. A sparse ensemble of notional Lagrangian particles is 

then used to solve the Filtered Density Function for the subgrid 

reactive scalar quantities. A Generalised Multiple Mapping 

Conditioning (MMC) micro-mixing model enforces local mixing 

in extended space which comprises of physical space and the 

LES simulated reference mixture fraction.  Predictions of lift-off, 

stabilisation and turbulent composition are obtained with as few 

as 23,000 Lagrangian particles while 1.9 million grid cells are 

used for the Eulerian LES. Lift-off height predictions are 

sensitive to the coflow temperature and the degree of mixing 

localisation. Excessive localisation in mixture fraction space or 

high coflow temperatures results in flame attachment while less 

localisation or low temperatures causes flame extinction.  

 
Introduction 

Combustion modelling involves non-linear multi-scale 

interactions between turbulent fluctuations and chemistry. These 

interactions are the subject of intensive research collaborations 

[9,1], with focus being directed towards Probability Density 

Function (PDF) models in a Large Eddy Simulation (LES) 

context. An advantage of PDF methods [22] is that non-linear 

chemical reaction rates are not averaged and thus they appear in 

closed form. However, the equations contain unclosed 

conditional scalar dissipation terms which require micro-mixing 

models, all of which have advantages and disadvantages. Mixing 

models such as Curls [6], modified Curls [14], Interaction by 

Exchange with the Mean (IEM) [8], Euclidean Minimum 

Spanning Trees (EMST) [24] which require a large number of 

Lagrangian particles per LES cell to resolve subgrid scale 

quantities are usually intensive and incur a high computational 

cost.  

 

The focus of this work is on the performance of Multiple 

Mapping Conditioning (MMC) – a model framework [5] which 

combines the advantages of the PDF and Conditional Moment 

Closure (CMC) [17] methods. The possibility of reducing the 

number of particles by two to three orders of magnitude while 

obtaining good results by conditioning mixing on a reference 

variable has been demonstrated in Refs. [11,10]. In these works, 

localisation in mixture fraction space has been prioritised at the 

expense of localisation in physical space. This corresponds to the 

physics of non-premixed turbulent flames.  

To examine the universality and understand the limitations of 

MMC, simulations are conducted on a lifted hydrogen flame [2]. 

The Cabra H2/N2 lifted flame is a case where lift-off and 

stabilisation are controlled by convective terms in addition to the 

details of mixing and is thus less sensitive to localisation of 

mixing in mixture fraction space. The lift-off height is known to 

increase with decreasing coflow temperature and increasing jet 

velocity, although it is far more sensitive to the former than the 

latter [3]. Additional parametric studies on the effects of coflow 

temperature have been conducted by Gordon et. al. [13] and Wu 

[25]. Both sets of experiments obtain similar trends but there is 

little accuracy across datasets. 

 

PDF modelling of the Cabra H2/N2 lifted flame is reported in Cao 

et al. [3] who demonstrate the dominance of chemical kinetics on 

model predictions. They also show that model predictions of lift-

off height can match the experimental data when the coflow 

temperature is artificially reduced relative to its experimental 

setting. Based on the observed correlation between fluctuations 

of reacting species and fluctuations of the mixture fraction, CMC 

models the chemical reaction rates by conditionally averaging 

them on the mixture fraction while conditional fluctuations are 

neglected. Relative to PDF modelling the computational cost of 

CMC is low. Patwardhan et al. [21] have conducted CMC 

modelling of the Cabra flame in the Reynolds Averaged Navier 

Stokes (RANS) context. Lift-off height predictions at high 

coflow temperatures are quite good although there is less success 

for co-flow temperatures below 1020 K. Navarro-Martinez and 

co-workers have published extensively on CMC of lifted 

hydrogen and methane flames using LES  for the mixing field 

and CMC for the subgrid fluctuations of the reactive scalars [20].  

Results are in good agreement with experimental data when 

coflow temperatures are artificially lowered. More recently, a 

deterministic version of MMC has reproduced the main turbulent 

mixing characteristics of the flame and lift-off, although 

downstream predictions require improvement [7]. 

 

Here, MMC is a PDF/FDF method that treats chemical reaction 

rates exactly without averaging. It is also draws on concepts from 

the CMC method as turbulent compositions are kept close to their 

conditional average values (although conditional fluctuations are 

still present). This is achieved by localising the mixing operation 

in the LES simulated mixture fraction space (called the reference 

mixture fraction). 

 
Methodology 

LES 

LES equations are solved in the code, Flowsi [15]. A staggered, 

cylindrical Eulerian grid is applied to the domain and filtered 

velocities and reference mixture fractions are obtained. The 

dynamic Smagorinsky turbulent viscosity model [23,12] is used 

for the subgrid scale stresses. 

FDF-MMC 



The FDF is solved on an ensemble of Pope particles obeying the 

following stochastic equations: 
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Particles advect and diffuse physically according to (1) and 

change properties such as mass fractions and enthalpy due to 

reactions and subgrid conditional scalar dissipation (mixing) 

according to (2). The mixing operation, S, is modeled discretely 

by a particle pair interaction model similar to Curl’s model [6]. 

The timescale of mixing is linked to the ratio of scalar subgrid 

variance and scalar dissipation and for sparse simulations it is 

further scaled to account for the distance between mixing 

particles being greater than the LES filter length. The timescale 

of mixing between two particles (p and q) is given by 
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MMC enforces mixing between particle pairs which are close in 

an extended space comprising of the reference mixture fraction 

and physical location. For the non-premixed flame studied here 

we choose a reference space given by the filtered mixture 

fraction,  ̃, obtained from the Eulerian LES. Particle mixing pairs 

are selected by a minimisation of the normalized distance 

squared: 
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rm and fm are characteristic physical and reference scales, 

respectively.  

 

Gradient-fractal model and localisation 

The gradient-fractal model [4] is used to control the relative 

‘weighting’ assigned to physical and reference mixture fraction 

scales. Inter-particle distances are explicitly linked with the 

number of particles through fractal analysis of isoscalar contours. 

Assuming that each particle pair is located within an iso-sliver of 

mixture fraction, thickness of each sliver can be estimated 

through the gradient. Slivers have fractal properties and the 

volume of a mixing particle pair can therefore be estimated. 

Based on the particle density, the volume of an individual particle 

in the domain can also be estimated. These volumes are then 

equated to form the following relationship: 
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fm is selected as a global parameter which determines rm. fm is the 

main tuneable parameter in these simulations and controls extent 

of localisation in the extended space. As its value decreases, 

mixing becomes more local in mixture fraction space.   

Numerical Simulations 

The central nozzle of the burner has a diameter of 4.57 mm (d) 

and extends 70 mm above the perforated base plate. The jet fuel 

composition by volume is 25% H2 and 75% N2. The jet enters the 

domain at a temperature of 305 K and has a bulk velocity of 107 

m/s. The vitiated coflow enters the domain through an annulus of 

105 mm radius. The coflow is composed of combustion products 

from a premixed H2 and air flame at a temperature of 1045 K and 

bulk velocity of 3.5 m/s. The stoichiometric mixture fraction is 

0.47. Boundary conditions are set according to these 

specifications [2] in the simulations.  

Jet and coflow velocity profiles are obtained from measured data 

[16]. The computational domain consists of a cylindrical LES 

grid with an axial length of 298.5 mm or 65d and a radial extent 

of 228.5 mm or 50d. The grid contains 1026 axial, 55 radial and 

32 azimuthal finite volume cells. The smallest cells along the axis 

are 1mm by 0.3 mm by π/32 radians. For the stochastic 

composition field, approximately 23,000 Pope particles are used 

across the flow domain. This is equivalent to one particle per 

eight LES cells.  

Reaction source terms are evaluated from the chemical kinetics 

scheme of Mueller [19] containing 9 species and 21 reactions. 

Simulations have been performed for artificially altered coflow 

temperatures of 1015, 1020, 1030, 1045, 1060 and 1080 K and 

localisation fm was varied.  

Results 

Experimental data on species, temperature and mixture fraction is 

produced in both radial (z) and (x) axial directions. Experimental 

scatter data on species and temperature is available for x/d of 8, 

9, 10, 11, 14 and 26. In the Cabra data, there is an experimental 

uncertainty in temperature data of 3%. 

The results shown in this section correspond to a fixed coflow 

temperature of 1045 K (Cabra conditions). Based on previous 

work on the Sandia flame series, where localisation of particle 

pairs is 0.03 [10]  fm values ranging from 0.01 to 0.05 are tested 

here. Results for fm of 0.03, 0.04 and 0.05 are shown. Each 

localisation value produced significantly different results. 

Mixture fraction 

Figure 1 displays the axial mixture fraction profile for the 

selected coflow temperature and localisation values. The degree 

of localisation controls the decay rate of mixture fraction. An fm 

value equal to or greater than 0.04 produces a reasonable match 

with experimental data. If mixing is excessively localised, 

diffusivity is limited and experimental mixture fraction profiles 

cannot be reproduced.  

 
Figure 1. Axial profile of mean mixture fraction for fm = 0.03, 0.04 and 

0.05 at Tc = 1045 K.  

Particle pair separation 

The impact of selecting a single localisation parameter across the 

whole domain on the distance between particle pairs is shown in 

figure 2. Figure 2 indicates that lower localisation increases 

separation between mixing pairs in mixture fraction space. Pairs 

are far apart near the nozzle up to x/d = 5 and separation length 

steadily decreases until the end of the domain. Separation 

distance is not constant as the grid does not expand with jet 

diameter.  
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Figure 2. Axial profile of average particle pair separation in mixture 

fraction space for fm = 0.03, 0.04 and 0.05 at Tc = 1045 K.  

Temperature 

Figure 3 shows mean axial temperature profiles. All selected 

localisation values produce a lower mean temperature relative to 

experimental results. In particular, fm of 0.05 significantly 

underestimates temperature.  

 
Figure 3. Axial profile of average temperature (K) for fm = 0.03, 0.04 and 
0.05 at Tc = 1045 K.  

Figure 4 shows experimental and predicted scatter plots of 

temperature versus mixture fraction at various locations for the 

selected localisation values. Due to the sensitivity of lift-off 

height to experimental and simulation parameters, data in Figure 

4 cannot be compared directly. Trends are compared instead.  
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Figure 4. Scatter plots of temperature (K) at several axial locations for fm 

= 0.03, 0.04 and 0.05 at Tc = 1045 K. All axes are of temperature (K) 

versus particle mixture fraction (Z). 

In the most localised case (fm = 0.03), the flame is in equilibrium 

at x/d = 1, indicating that there is no lift-off. For the less localised 

cases, a mixing line is visible near the inlet, indicating that lift-off 

has occurred. The fm = 0.04 case produces the closest trend to 

experimental data for the 1045 K setting of coflow temperature.  

Scalars 

Figure 5 shows mean the mass fraction of OH in the axial 

direction. Insufficient localisation (fm = 0.05) which delayed 

development of the temperature also results in delayed 

production of OH, an indicator of reaction. As before,  fm = 0.04 

is the closest result to experimental data. 

 
Figure 5. Axial profile of average temperature (K) for fm = 0.03, 0.04 and 
0.05 at Tc = 1045 K.  

 

In Figure 6 a fully attached flame is seen where fm = 0.03, with 

reactions beginning near the nozzle. The fm = 0.04 and 0.05 cases 

indicate a delay in ignition, although the 0.05 case is approaching 

extinction.  
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Figure 6. Scatter plots of YOH at several axial locations for fm = 0.03, 0.04 

and 0.05 at Tc = 1045 K. All axes are of YOH versus particle mixture 

fraction (Z) which ranges from zero to unity. 

Lift-off heights 

The criteria for liftoff is defined where the mean mass fraction of 

OH reaches at value of 2 × 10-4 at any radius [3]. 

Excessive localisation in mixture fraction space i.e. fm ≤ 0.03 or 

high coflow temperatures i.e. Tc ≥ 1060 K result in a fully 

attached flame. Low localisation i.e. fm > 0.05 and low coflow 

temperatures cause the flame to approach extinction, as indicated 

in Figure 7. 
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Figure 7. Lift-off height versus coflow temperature (K) for fm = 0.03, 0.04 

and 0.05. 

Conclusions 

The LES-FDF method with sparse-Lagrangian particles mixing 

based on MMC can capture lift-off and stabilisation of the Cabra 

hydrogen lifted flame. The trends obtained for lift-off height over 

a range of coflow temperatures are consistent with experiments 

and simulations performed by others. Both localisation and 

coflow temperature are highly influential on flame attachment, 

lift-off and stabilisation, and extinction. For low fm values which 

denote a high level of localisation in mixture fraction space, the 

flame is not lifted. A higher fm reduces localisation and at low 

coflow temperatures, results approach global extinction. 

Proposed improvements to the current implementation for 

improved downstream predictions are a flexible localisation 

algorithm for particle pair selection or adjustment of particle 

distribution according to jet development. Secondary 

improvements include an axially expanding grid or adjustment of 

the mixing timescale. The decoupling of physical and The 

selection of reference variables is currently being examined 

Currently, a range of suitable fm values (0.03 < fm < 0.04) for the 

tested temperatures has been identified.  
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