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Lagrangian particles with mixing. I. Simulating scalar transport
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The physical similarity and mathematical equivalence of continuous diffusion and particle random
walk forms one of the cornerstones of modern physics and the theory of stochastic processes. The
randomly walking particles do not need to posses any properties other than location in physical
space. However, particles used in many models dealing with simulating turbulent transport and
turbulent combustion do posses a set of scalar properties and mixing between particle properties is
performed to reflect the dissipative nature of the diffusion processes. We show that the continuous
scalar transport and diffusion can be accurately specified by means of localized mixing between
randomly walking Lagrangian particles with scalar properties and assess errors associated with this
scheme. Particles with scalar properties and localized mixing represent an alternative formulation
for the process, which is selected to represent the continuous diffusion. Simulating diffusion by
Lagrangian particles with mixing involves three main competing requirements: minimizing
stochastic uncertainty, minimizing bias introduced by numerical diffusion, and preserving
independence of particles. These requirements are analyzed for two limited cases of mixing between
two particles and mixing between a large number of particles. The problem of possible dependences
between particles is most complicated. This problem is analyzed using a coupled chain of equations
that has similarities with Bogolubov-Born—-Green—Kirkwood—Yvon chain in statistical physics.
Dependences between particles can be significant in close proximity of the particles resulting in a
reduced rate of mixing. This work develops further ideas introduced in the previously published
letter [Phys. Fluids 19, 031702 (2007)]. Paper I of this work is followed by Paper II [Phys. Fluids
19, 065102 (2009)] where modeling of turbulent reacting flows by Lagrangian particles with

localized mixing is specifically considered. © 2009 American Institute of Physics.

[DOLI: 10.1063/1.3147925]

I. INTRODUCTION

Since the famous work of Einstein! on diffusion, the
random walk of particles is conventionally considered as the
stochastic process representing diffusion. The correspon-
dence between random walk and diffusion equation was first
established at a physical level in works of Einstein,' von
Smo]uchowski,2 Fokker® and Planck,4 and then was proven
as a mathematical equivalence between Kolmogorov5 diffu-
sional equations and Ito® stochastic differential equations. In
these approaches the particles are treated as elementary—
particles have locations in physical space but they do not
possess any internal scalar properties. The concentration of
particles, which the diffusion equation is formulated for, is a
group property possessed only by many particles.

The long-standing tradition of simulations of turbulent
reacting flows”® introduces particles of a different nature:
these particles are treated as sufficiently macroscopic to pos-
sess some internal properties. The particles can move with
turbulent flow (conventional Lagrangian particles or fluid
particles) or, as introduced by Dreeben and Pope,9 particle
motion may involve some random walk generating fluctua-
tions of particle positions around Lagrangian trajectories
(diffusing Lagrangian particles). It is easy to see that diffus-
ing Lagrangian particles represent a generalization of two
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fundamental concepts: elementary particles with random
walk and Lagrangian (fluid) particles. In Lagrangian simula-
tions, concentrations of reactive species are assigned to each
individual particle. These concentrations can change due to
chemical reactions or as the result of mixing when particles
exchange fractions of their properties. The Lagrangian par-
ticles with mixing are commonly used as an effective nu-
merical tool for approximate simulations of probability dis-
tributions in turbulent reacting flows. It seems, however, that
the significance of Lagrangian particles with mixing extends
beyond this role. Like the random walk of elementary par-
ticles, Lagrangian particles with mixing can also be consid-
ered as a process stochastically representing the diffusion
equations. Lagrangian particles with mixing correspond to
the physical understanding of turbulent reacting flows as a
superposition of transport, reactions, and mixing while con-
ventional random walk of elementary particles corresponds
to treating reacting flows as a superposition of transport and
reactions. In the latter case reactions result in the appearance
and disappearance of elementary particles while mixing is
not a fundamental process but one of the outcomes of the
random walk. In turbulent flows, the mixing effect of mo-
lecular diffusion is always significant while spatial transport
by molecular diffusion can often be neglected, and separate
treatment of mixing and diffusional transport is a most logi-
cal step in this case (see Ref. 10 for further discussion of
these issues).
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Major ideas, which are comprehensively examined in the
present work, were introduced in the previously published
letter."' The analysis presented here examines equations gov-
erning probability distributions and involves evaluations of
the first, second, and the fourth moments of these equations.
The multiparticle distribution equations form a chain which
has  similarities with the Bogolubov—-Born—-Green—
Kirkwood—Yvon (BBGKY) chain well known in statistical
physics.12 Special attention is paid to the assumption of par-
ticle independence (chaos) which is commonly used in deri-
vations related to interactions between particles and mol-
ecules (particle independence was simply assumed in Ref.
11). Tt is shown that this assumption is not always valid for
Lagrangian particles with mixing and a quantitative affect of
deviations from fully chaotic conditions is evaluated. The
problem of preserving particle independence and at the same
time minimizing numerical errors, which is of prime impor-
tance for numerical implementations, is considered and a di-
rect comparison of efficiencies of different mixing schemes
is carried out.

The following material is presented in this work. Section
II introduces primary equations and mixing schemes. Section
IIT evaluates mixing parameters and numerical diffusion on
the basis of the hypothesis of particle independence when
one-particle distribution is sufficient for derivations. One-
particle distributions are always sufficient for mixing relax-
ing toward mean values."? Section IV introduces multipar-
ticle distributions and a BBGKY-like chain for two-particle
mixing.m’15 Section V illustrates the effect of deviation from
particle chaos in the case of spatial homogeneity. Section VI
deals with nonchaotic effects in a general, nonhomogeneous
case. Some of the most extensive considerations are moved
from this section into Appendix. Using the developed theory,
Sec. VII gives practical recommendations for numerical
schemes based on Lagrangian particles. Major properties of
particles with mixing are summarized in conclusions. This
article represents Paper 1 of the work and is followed by
Paper 1L,'® which is dedicated to sparse-Lagrangian simula-
tions of turbulent reacting flows where the number of par-
ticles is insufficient to resolve all scales in a turbulent flow.

Il. PARTICLES WITH SCALAR PROPERTIES

A large number of particles, n, is moved stochastically in
a d-dimensional physical space. This motion has a determin-
istic component determined by velocity of the flow and a
random walk component. The random walk components are
stochastically independent for different particles. The physi-
cal coordinates of pth particle are denoted as x,
={x!, .. ,xZ}. The flow velocity field is presumed to be fully
specified. Each particle has 7, scalar properties Z("), ..., Z®).
These properties change due to chemical reactions and due to
mixing between the particles. Although particle positions in
physical space are stochastically independent, values Z;a) as-
signed to different particles may become dependent due to
mixing. All particles are considered to be stochastically
equivalent. This means that, at initial moment, particles are
distributed in physical space stochastically and indepen-
dently from each other. The properties Z are assigned to
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particle p according to its physical location x,, and irrespec-
tive of the number p. Hence the probability of observing one
particle at a certain location and with certain properties is no
different from the probability of this for another particle.
One of the advantages of particles with scalar properties
and mixing is that many different scalar properties simulat-
ing many different scalars can be assigned to the same set of
particles. This advantage is most significant when there is a
need to simulate realistic reactions involving hundreds of

species.

A. Main equations

The random walk of n particles with scalar properties
and mixing is represented by the following equations:

dx, = A'(x,1)dt + bY(x,,,1)dw, (1)
dz\ dz\
=yl | 2 . )
dt b dt i
where index p runs over all particles p=1,...,n, index “a”
runs over all scalars =1, ...,n,, the vector X, is pth particle

position in d-dimensional physical space, w; is the Wiener
process with Eq. (1) being interpreted as Ito stochastic dif-
ferential equation, W[(,a) represents the effect of chemical re-
actions and the effect of mixing in Eq. (2) is symbolically
denoted by the operator with subscript “mix.” The mixing
operator can create discontinuous trajectories—in this case
generalized understanding of the time derivative in Eq. (2) is
implied. The probability density function of a particle posi-
tion in the physical space P,=P,(x;7) satisfies the Fokker—
Planck (direct Kolmogorov) equation

a(-)+aA"(~) #BI( )
ot /

L[Px] = 07 L[ : ] = a‘x, - a_xi a_xj 5

3)

where 2B =p™pll is the diffusion coefficient, A’ is the drift
coefficient and the differential operator L[ -] is introduced to
simplify notations. The summation convention over repeated
indices applies here and further in the paper. The one-particle
joint probability density function (PDF) P,=P(Z,x;t) satis-
fies the equation

WP, { d_PZ]
le.

LI P — =
[Pz]+ 97\ dt

(4)

B. Interpretations in fluid mechanics

The first moment of Eq. (4) is of most interest in fluid
mechanics since (Z(?)) is expected to be proportional to the
ath scalar transported by the flow. This moment is obtained
from Eq. (4) by multiplication by Z'® and integration over
all Z

(a)

L{(Z'*YP,]- WP, = [%} P.~0. (5)
As we expect that the mixing operator does not alter the
mean values (at least to the leading order of the analysis), the
right-hand side (rhs) of Eq. (5) is, essentially, zero. The “ap-
proximately equal” symbol used in this equation reflects nu-
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merical diffusion that exists as a side effect of mixing as
discussed in Secs. III-VI. In fluid mechanics the diffusion
coefficient is presumed isotropic BX=D&. If all particles
have the same weight, the properly normalized concentration
of particles in physical space, which is proportional to P,, is
deemed to represent the density p. If density p and diffusivity
D are constant, then the drift coefficient is the same as fluid
velocity. Equations for a more general case of a compressible

flow and particles with weights are given by”’l8
7(@
L _zonp, w00, yeo=L) (6)
Po (Z"™)
: . 10D L
A= U(x.0)+ . Bi=6iD(x.1), (7)
p ox

where p, is a normalization constant and the density p is
linked to particle weight Z(¥’—the fraction of the total mass
carried by a particle. From our perspective this value is just
one of the scalars Z(@. This scalar can be mixed in the same
way as other scalars or remain unchanged for a given particle
(note that this scalar has a distinctive condition of w0 =0,
unless sources or sinks of mass are present in the flow). The
value Z\” can be referred to as the amount scalar a in par-
ticle p and Y'® is treated as the mass concentration of scalar
a. Substitution of definitions (6) and (7) into Eq. (5) with
nullified rhs results in the conventional equations of continu-
ity and scalar transport

dp IpU'

P 4 p_ =0, (8)

ot ox'

apY' @ apY@Ul g [ gY@

p + P - ——I\ D — | =0. (9)
ot ax' ax' oxt

Although Lagrangian particle methods are specifically de-
signed to handle multiple scalars Z®, we from this point
consider only one selected scalar and omit the superscript
index («) for simplicity. The conclusions, of course are ap-
plicable to any of the scalars. The proof of convergence to
scalar transport equations requires assessment of the mixing
operator [d{Z)/dt] in ths of Eq. (5) and estimation of the
stochastic error (z%), where z=Z—(Z). In the first part of this
work z is interpreted as a stochastic deviation from the de-
sired mean value implying that the goal of simulations is full
resolution of the scalar fields. The second part of this work'®
deals with sparse-Lagrangian simulations where z is inter-
preted as a model for subscale fluctuations of the scalars. It
should be noted that, although the exact mean values of (Z)
and (z%) may remain unknown due to a limited number of
particles in a small volume, these values do exist and the
required statistics can be accumulated when needed. The sto-
chastic errors in estimating means from Lagrangian particle
data are not discussed here and are analyzed in Ref. 19,
where it is shown that evaluation of averages over particle
properties can have a stochastic error that is noticeably
smaller than stochastic errors associated with evaluation of
averages for concentration of particles.
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C. Equations for higher moments

Among higher moments, the second and fourth moments
are most important for our purposes. The second moment
determines stochastic variations around means while the flat-
ness factor Q={(z*)/(z?)? is used as an indicator of devia-
tions from Gaussian distributions. Some of the mixing opera-
tors are known to increase the flatness factor well above the
Gaussian value of 1=3. The equations for higher moments
can be obtained by integrating Eq. (4):

L[{Z™P ]=mW(Z" )P + {d<§n>} P (10)

With the use of Eq. (3), these equations can be equivalently
represented by

~ az"
L[{Z™] = mW(Z" ") + {%} , (11)
where a new differential operator Z[] is introduced by
- a-)  ~a(- (- ~ . 20BP
L[-]= ( )+A’ (.)—B’f .( )., A=A ——=
at ax' ax' dx’ P, ox
(12)

Equations (4) and (11) can be expressed in terms of the vari-
able z representing fluctuations of the scalar z=Z-(Z) and
the scalar dissipation y defined below,

#P, JWP, |dP, LKD) KZ)
R a—[d—} XEET e
(13)
T -2 m—1 d<Zm>
L{Z™ ] = m(m — 1) x{(Z" =) + mW{" )+[7] E (14)

D. Mixing

If a particle has a nonzero probability of being mixed
with another particle we refer to this as mixing interaction
between the particles. These interactions need to be distin-
guished from particle collisions (particles move indepen-
dently in physical space and do not collide) and from actual
mixing events. For example, a particle may interact with
several particles simultaneously but only allowed to be
mixed with a single counterpart at a time. Each mixing event
changes the values of n,, particles forming a mixing group
according to the equation.

. 1o
Z;nxzzm-l'/u‘(z;;_zm)’ ZmE n_zzo’ (15)
m p

This equation describes n,,-particle mixing. The superscript
“o” is used to emphasize that this value is taken before the
mixing event. The parameter u specifies the extent of mixing
with u=0 corresponding to complete mixing and u=1 cor-
responding to no mixing at all. This value can be stochastic,
although in this case w is stochastically independent of Z. It
is easy to see that mixing specified by Eq. (15) is compliant
with the conditions of “good mixing” listed in Refs. 7, 8, and
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11. In the present work, unlike in Ref. 11, we have chosen
more specific mixing schemes to analyze more quantitative
characteristics of particles with mixing. We consider only
two limiting cases of Eq. (15): a very large n,, and the small-
est possible n,, of 2. In the former case Z,, is essentially the
same as (Z) due to averaging over a large number of par-
ticles,

2N+ W2~ 2,) = 92, + uZy Z,=(2), (16)

where 7= 1-pu varies between 0 (no mixing) and 1 (com-
plete mixing). The index [(Z)] indicates that the model in-
volves evaluation of the mean and has to use a large number
of particles in each mixing event. This mixing is referred to
as mean-based mixing. For the case of n,=2 and Z,=(Z,
+Z,)/2 the pth value after mixing particle p with particle g is

given by

1+p 1-p
21 _ "~ - P =~
2= > Z+ 5 Z, =7+ WZ,-7), (17)
where mixing parameters are related to each other by
l-p
~E—=—, + =1 18
== MR (18)

and the index [2] indicates that only two particles are al-
lowed to participate in each nixing event. Two-particle mix-
ing is known as Curl’s mixingM’15 while the model specified
by Eq. (16) is very similar to IEM model (interactions by
exchange with the mean13). Conventional Curl’s and IEM
models also differ by smoothness of their trajectories: IEM
model is continuous while scalar values in Curl’s model
change in a series of jumps. In the present work, models (16)
and (17) are distinguished only by the number of particles n,,
participating in each mixing event while the continuity of
generated trajectories is simply determined by the value of
the model parameter #: the jumps are most significant when
n=1 and trajectories become continuous as 7—0. In gen-
eral, parameter 7 can also be selected randomly (as in the
modified Curl’s model'*')—in this case its value is pre-
sumed to be stochastically independent of Z,.

Equations (16) and (17) specify a single mixing event
while the overall effect of mixing is proportional to param-
eter § that determines intensity of mixing events. The exact

probabilistic meaning of parameter 6 is given in the section
dealing with PDF formulation for the mixing operator. The
intensity of mixing 6= 6(x,t) may depend on location x and
time 7.

lll. ANALYSIS OF MIXING UNDER CHAOTIC
CONDITIONS

Analysis of mixing operators is conventionally per-
formed under assumptions that we call here the chaos as-
sumption. Although particles move independently from each
other and particle locations x,, and x,, are stochastically inde-
pendent when p # g, the scalar values Z, and Z, that belong
to different particles may become stochastically dependent as
the result of mixing. However, assuming that Z, and Z, can
be treated as independent values when p # ¢ significantly
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simplifies the analysis. This means that correlations (z,z,),
(zzzq) and similar can be neglected when p#¢. In Secs.
III-VI we demonstrate that the chaos assumption is always
valid for mean-based mixing but under certain conditions
may lead to incorrect results for two-particle mixing. This
section follows previous publications and derives major mo-
ment equations for the case when the chaos assumption is
valid. The effect of numerical diffusion associated with mix-
ing is also evaluated here.

A. Mixing effect on variance and flatness

Equations for the effect of the mixing on the second and
fourth moments can generally be written in the form

{M] & {@} 2 )
dt mix T dt mix TW

These equations effectively define the dissipation time 7 and
the dissipation time for the fourth moment 7w. We note that
quasistationary formulas for the second and fourth moments
and the flatness factor () are expressed in terms of the pa-
rameters 7 and w
2

0= % =3w. (20)
These formulas nullify rhs of Eq. (14) assuming that W=0.
The flatness factor () is an indicator of deviation of probabi-
listic distributions from Gaussian.

The moment equations were previously given in several

(Py=xr, (H=3x() 1o,

publicationszo’21 for different mixing models. These equa-
tions can be easily obtained from Egs. (17) and (16):
ddzy A m
[d—l] SR RXTICHE (21)
t Al
Kz P o
[—1} == &Y = (2 (1= ) + 722)"). (22)
ot [2]

Here we retain particle indices to distinguish values related
to different particles. Since all particles are stochastically
equivalent, particles marked by indices 1 and 2 are selected
as representative. If 7 is small the rhs of Egs. (21) and (22)
simplify into —m & 7)(z") and —m & 7)(z™), respectively. This
corresponds to continuous mixing which is used in the con-
ventional IEM model. Under chaos assumptions the moment
equations are simplified and yield the following values of the
parameters 7 and w for

2 XY .
T= é<'y>’ w_(y(2—7)> for n,, =, (23)
4 87

T for n,, =2,

Tph T 8= =300
(24)

y=1-u=2n9-1".
We consider quasisteady values of the moments that are de-

termined by the balance of generation and dissipation terms
in Eq. (14) assuming that W=0. Note that this case is inho-
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mogeneous and different from the asymptotic behavior of the
moments in homogeneous turbulence previously considered
by Pope.20 Quasisteady values of the flatness factor are given
by

&y
@ - ) 2
LB+ )
1= sy 2

As vy varies from y—0 to y=1, the quasisteady value of the
flatness factor () changes from =3 to =6 for n,,— % and
from Q=3 to 1=27/7 for n,,=2.

B. Mixing and numerical diffusion

The mixing operator generally preserves the value of the
first moment as indicated by Eq. (5). This is indeed the case,
if the following values:

[@] = Koz -2, @7)

dr iz

{@] = K72y~ Z1)y (28)
dt 2] 1

are zeros. If Z,,=(Z) then (Z,-Z,,)=(z,)=0 and ideal mean-
based mixing does not alter (Z). However, the mean value
(Z) is not known and has to be evaluated by averaging over
sufficiently large number of particles and it is inevitable that
these particles have some dispersion in physical space. In the
same way, if two-particle mixing is allowed only when par-
ticles 1 and 2 are located at the same point then (Z,—Z,)
=(Z,)—(Z,)=0 and ideal two-particle mixing preserves (Z)
but in multidimensional spaces, positions of different par-
ticles never coincide exactly. Due to a limited number of
particles used in simulations, mixing or averaging has to be
performed over a certain finite volume which is denoted here
as V. This volume may be small but it cannot be shrunk into
a point in practical simulations. The mixing terms in Egs.
(27) and (28) vanish at the leading order but we show that
the higher-order terms result in numerical diffusion effects.
These effects are neglected in the analysis of higher mo-
ments since mixing directly influences these moments but
the prime effect of mixing on the first moment is that of
numerical diffusion.

For mean-based mixing, the value Z,, has to be evaluated
over a certain volume V,

f V1<Z>dex
"o v, Pudx

When mixing (or averaging) volume is difficult to link to a
specific particle p, we denote this volume by V,,. In order to
minimize numerical diffusion, two-particle mixing should be
permitted only when the particles are sufficiently close to
each other. In Eq. (28) this is shown by the index V; which
indicates that the difference is evaluated over a certain vol-
ume V; so that
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Z-2Z)y, = (2) ~(2))P.dx.

ViPaly,

Particle 1 is presumed to be located in the center of the
volume V;. Here, we use subscript “1” denoting values re-
lated to the location of particle 1 but omit indices of other
particles. We obtain at the leading order

17 [ XZ)P, > P,
Zm = <Z>1 + ( i Jj <Z> i i)
2P\ dx' dx ox' dx’/
I &2y 2P, HZ)
<Z_ Zl>\/ =4 i e P
L 2\ox'9x P, ox" ox /),
o Jyyyavoo
IN'=s—""" y=x'-xi.
Vi

In these equations integrals are evaluated by expanding (Z)
and P, into a Taylor series around the center of the volume,
for example

con+(22) 4 22)
<Z>_<Z>l+< ax! >1y +2((9xi(7xj lyy- "

This expansion and estimation of deviations of Z,, from (Z)
follows Pope’s [see Ref. 22, Eq. (12.251)] assessment of er-
rors associated with kernel estimates. The linear terms disap-
pear from integrals and the largest correcting term is propor-
tional to IY. Note that derivatives of the PDF P, can be
eliminated by assuming that particle 1 is located at the
P -weighted center of the volume V. We now assume that
volume V; represents a sphere of radius r,, with the center
located at the particle 1 location x; so that [x—x;|=<r,,. The
moment of inertia of the volume V| can now be expressed as
[7=7187 where

2 P lf(r)mrzrd_'dr ~ r

" T d fplar  de2

72 is average value of the square of a radius within the vol-
ume V;, and f%:fz/ d is the average of the squared value of
the radius projection on a given direction. The dimension of
the space is denoted by d. With correcting terms, the mixing
operator takes the same form for both two-particle and mean-

based mixing

[ Y A L e
dt | ix ax'dx' P, dx" ox'
A2 2
_A_ o , n Ky
D= B (d+2)1B p= & (30)

The correcting terms result in additional diffusion which can
be referred to as numerical diffusion. Numerical diffusion is
characterized by the coefficient D,,. Another term represents
a drift correction that effectively results in replacing D by
effective diffusion D =D+ D,, in formula for A'. Numerical
diffusion decreases with improved localization and decrease
in r,,. Intensification of mixing and reduction in 7 increases
numerical diffusion. In general, numerical diffusion can be
used to simulate diffusion (differential diffusion effects, for
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example). In this case it is more appropriate to label this
diffusion as diffusion induced by mixing since the term nu-
merical diffusion indicates that it is preferable to reduce this
type of diffusion as much as possible. It should be remem-
bered, however, that the coefficient of mixing-induced diffu-
sion may differ for different moments (Z™).

Equation (30) for the coefficient of numerical diffusion
D,, coincides for both models and with equation for D,, ob-
tained in Ref. 11 from more general but more intuitive con-
siderations. The mean-based mixing is probably more com-
plicated to implement compared to two-particle mixing but,
surprisingly, mean-based mixing does not offer any reduction
in numerical diffusion for the same r,, and 7. Note that par-
ticle 1 is assumed to be at the center of volume V, when Z,,
is evaluated for mean-based mixing in Eq. (27) (this is, typi-
cally, the case in the IEM model). A fully conservative mean-
based mixing requires Z,, to be the same for all particles of a
selected mixing group located within a certain volume V,,
and, in this case, a particle member of the group can be
located anywhere in the volume V,,. This results in twofold
increase in the effective values of 7 and D,, while the radius
r,, of the volume remains fixed. Mixing also introduces some
drift terms in Eq. (29) related to gradients of the PDF P,.
These terms can be eliminated by placing particle 1 at the
P -weighted center of the mixing volume—the details of nu-
merical diffusion depend on details of mixing but numerical
diffusion with the diffusion coefficient given by Eq. (30) is
ubiquitously present as long as particles are spaced apart by
distance 7, during mixing events.

IV. PDF FORMULATION OF THE MIXING OPERATOR

Mixing between particles can generally be considered to
be a Poisson stream of mixing events (see Ref. 7). This is
more convenient for theoretical considerations, although in
numerical implementations mixing events between different
particles are usually synchronized with the time step. In this
section we give a formulation of the problem in terms of
PDF (probability density functions). The equations govern-
ing the combined Markov process (continuous diffusional
process with respect to variables x' and discontinuous Pois-
son process with respect to Z) were introduced by Pope.7

A. Mean-based mixing

The mean-based mixing scheme (16) allows for closed
formulation using one-particle PDF P,=P,(Z,x;t) which
satisfies the equation

IWP,

L[P,/]+ =0 f P(Z|Z)PAZ)dZ . (31)

Intensity of the mixing process is determined by parameter 6.
This equation corresponds to a Markov process that com-
bines two parts: continuous diffusion in physical space speci-
fied by lhs of this equation and Poisson jumps of values Z
reflected by integral on rhs. The PDF P,(Z|Z’) is the transi-
tional probability of mixing process given by
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P(2Z) = f Nz~ 2N (wdp-8Z-7).  (32)

where & is Dirac’s delta function, P, (u) is the PDF of u and
7121 s the value after mean-based mixing given by Eq. (16).
The subscript p is omitted since only a single particle is
considered here. Evaluation of moments of the PDF Eq. (31)
results in the formulas considered in Sec. III.

The closed equation for the one-particle PDF can be rig-
orously obtained for the case when Z,,=(Z) in Eq. (16). Prac-
tically, Z,, is evaluated over n,,<oo particles resulting in
some fluctuations of Z,, over (Z) so that z,,=Z,—(Z) #0. If
n,, is large then (z2)~(z>)/n,, is small and the practical ef-
fect of these fluctuations is a small increase in the mixing
time (23).

B. Two-particle mixing and BBGKY-like chain

In the rest of this article we mainly deal with the case of
two-particle mixing14’15 when n,,=2 and the mixing event is
specified by Eq. (17). Although a group of three or more
particles is not allowed to be mixed with each other at the
same moment, many particles can be simultaneously en-
gaged in mixing interactions (i.e., many particles may have a
nonzero probability of being mixed with a given particle).
We use the term “mixing interactions” to characterize a non-
zero probability of mixing between two particles and the
term “mixing event” to characterize the actual act of mixing
between these particles. A particle can have mixing interac-
tions with many particles (even with all particles if mixing is
not localized) but the probability of simultaneous mixing
with more than one particle is zero and mixing events occur
only between couples. Even if the initial conditions can be
specified independently for each particle, stochastic depen-
dence between Z, and Z, appears after mixing of particles p
and ¢. Thus the scalar values at different particles are sto-
chastically dependent and can be rigorously characterized
only by the all-particle PDF P,(Z,,...,Z,.X;,...,X,). We
assume that n particles are present in the flow. These par-
ticles are treated as stochastically equivalent, hence, P, is
symmetric and does not change when two particles are

swapped. For example, PZ\,....Z,.X,...,X,)
=Pn(Zn, ,Zl,Xn, ’Xl)'
LiP]= 2 0, f P(2,.2,)7,.Z,)
(p.g)=1
XPn(Zl’ ,Z;, ,Z;, R/ STRED ,Xn)dZ;dZo,
(33)

P2,7)7,7) = [ a2, oz, -2
XPy(mdy-8Z,~-2)8Z,~Z,),

where sum is taken over n(n—1) couples that can be formed
by n particles, the intensity of mixing 6,, is defined by 6,,
=6(x,.x,), the mixing operation ZE)Z(I] is specified previously
in Eq. (17), the following mean-based diffusion operators are
used here and further in the paper:
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k
ur =001+ 3 L%

p=1
. (34)
o (90) Al aZB;'{(-))
bl ]_g< a T ad axax )
k
A TS T e az(-))
Lk[]=,§< ot +AP &xi _B}{ﬂx;(?x; : (35)

The intensity of mixing is presumed to be localized in physi-
cal space, that is,

90’ |Xp_xq| = T
Oy = 0(x, —X,) = { ,

0, [x,—x,|>r,
0V=J 012P(Xp)dx, = OyP(x1) V), (36)

920‘/(11—]):00”“, naE(n_l)VIPx(Xl)'

This means that particle p has a positive probability of being
mixed (has mixing interactions) only with the average of n,
other particles located in the mixing volume V), represented
by r,,-vicinity of x,,. The equation for one-particle distribu-
tion P;(Z,,x,) can be easily obtained from Eq. (33) by inte-
grating over the variables representing particles 2, ... ,n,

Li[P]=(n- I)J 01,P(Z2,|Z,,Z;)

X Py(Z,,25,X1,X,)dZ,dZ;dx5,
(37)

Pt(Zp|Z;,Z;) = J Pt(ZP’quz;’Z;)qu’

but this equation involves the two-particle PDF P, and thus
is not closed. The PDF P, is essentially the same as P, but
we use P; to emphasize that the equation for this one-particle
PDF is not closed. Attempts to obtain equations for higher-
order distributions k=2,3,... results in the following chain
of equations:

k
LZ[Pk] = E 0pq Pl(Zp’Zq|Z;’Z;)
(p.g)=1

XP(Z,....Z,, ....Z

Ly oLy o L X1y s Xg)

k
XdZdZy+ (=02 | 0,61PAZ,|Z,Z;,)

p=1
XP](_H(Z], ,Z;, ,Z;H_],X], ’X/(+l)
XdZ;dZ;H_lka_H, (38)
where every equation for k=1,...,n—1 is not closed since

equation for P depends on Py, in the second integral. Only
at k=n the fully closed Eq. (33) is obtained but this equation
is difficult to use in practice due to a very large number of
independent variables. This problem is similar to the well-
known BBGKY chain of equations that plays an important
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role in statistical physics. The BBGKY chain appears in deri-
vation of Boltzmann equation for one-molecule distributions
from Liouville equation for the joint distribution of all
molecules.'? The hypothesis of molecular chaos is the fun-
damental physical assumption that is used in the derivation
of the Boltzmann equation. According to this hypothesis,
characteristics of different molecules can be effectively
treated as stochastically independent from each other. In ap-
plication to our particles with mixing, this hypothesis can be
written as

Pk(Zl’ ’Zk’xl’ ’Xk) = Pl(Zl,Xl), ,Pl(Zk,Xk) (39)

for any k from the range 1=k=n. Note that the PDF of
particle locations P,(x,...,X;) can always be written as
P.(x;)...P.(x;) since particle motions in physical space are
stochastically independent. The conventional treatment of
two-particle mixing is based using one-particle PDF and as-
suming stochastic independence (particle chaos assumption)
is generally reasonable but may result in significant errors
under certain conditions discussed in Secs. V=VII. Although
we use some of the terminology that is conventionally used
in statistical physics, it is important to remember that we
consider objects (Lagrangian particles) and equations that are
different from these considered in statistical physics.

C. Divergent form of the mixing operator

The normalization conditions imposed on PDFs and con-
servative properties of mixing indicate that

Py _
f [ " Lixdz_o, (40)

[ ofa2) w
dt mix dt mix

The approximate equality is used in the second equation to
indicate that numerical diffusion is neglected. The mixing
operator can be written in the divergent form

[di] _o _ N @)
dr |, 0Z 97°

and it is easy to see that this representation is compliant with
restrictions (40) and (41). In the case of a single variable Z,
the equations for the functions J and N can be explicitly
represented in the same form as the rhs of Egs. (31) and (37)
but the transitional PDF P, replaced by its integrals over Z.

The situation is more complicated in the case of ny>1
scalar variables Z(l), ,Z(”S). The mixing operator can still
be represented by a divergent expression

d_PZ 9J@ _ FPN@B

07\% 9 7P
but this representation is not unique since a solenoidal vector
field in Z-space can always be added to J'® without changing
the mixing operator. A unique divergent representation of the
mixing operator can however be obtained in the limiting case
of 7— 0. The following continuous mixing operators:

(43)
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dP g [((Z\9y -7

[—Z] = <)<< Al (44)
dt (2] 97\ T

[ 1} = 0 za) (la)P (Z,,Z )dZ,d
—_ — . ,X ’X X N
it &Z(l"‘) 12 Ly, £,X ), X5)dLirdXy

(45)

have the same expressions for all moments as Eqs. (21) and
(22) at the limit of 7, 7%— 0. This means that Eqs. (44) and
(45) represent the divergent forms of the mixing operators
for the case of small 7. The mixing time 7 is defined by
71=@(z) for mean-based mixing and by 7'=&7)= & n)/2
for the two-particle mixing—these equations represent the
limits of Egs. (23) and (24) as 5, 7— 0. Note that the PDF
representations of the mixing operator is somewhat different
for mixing performed independently for different scalars and
for the same simultaneous mixing of all scalars during a
mixing event (the latter approach is commonly used in prac-
tical implementations) but the limit of 7,%—0 is given by
Egs. (44) and (45) for both of these representations.

The divergent form of the mixing operator is closely
linked to interpretation of this operator as conditional diffu-
sion term in Lagrangian PDF modeling of turbulent flows.
The evolutionary effect of turbulent diffusion is continuous
and the conditional diffusion term has a divergent form. The
nonuniqueness of the divergent interpretation of mixing op-
erator in multidimensional spaces is linked to the fact that
the mixing trajectories are discontinuous for finite 7. The
value before mixing Z° changes to the value after mixing Z
in a jump. In multidimensional spaces, the values Z° and Z
can be connected by different continuous trajectories corre-
sponding to different continuous interpretations of mixing.
This nonuniqueness is more philosophical than practical is-
sue since different interpretations correspond to the same
equation and the same solution for the PDF. As # becomes
small the value Z approaches Z° and the trajectory becomes
close to continuous. This case corresponds to a unique diver-
gent form of the mixing operator.

V. TWO-PARTICLE MIXING: MOMENTS
IN THE SPATIALLY HOMOGENEOUS CASE

In this section, mixing between particles is not affected
by particle positions in physical space; in fact, these particles
can be considered as having only scalar property Z and there
is no need to assign x, to each particle. The particles with
scalar properties and without physical coordinates are con-
ventionally used in simulation of mixing in homogeneous
turbulence. Each of the particles can have mixing interac-
tions with all other particles (that is n,=n—1 and a particle
can, in principle, be mixed with any of the remaining par-
ticles) but, according to the two-particle mixing scheme, a
selected particle can be mixed only with a single particle at a
given moment.

Even if the initial values of Z, are set independently for
every particle, these values become dependent after mixing.
Indeed, Eq. (17) indicates that variance and correlation be-
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tween two selected particles numbered here by “1” and “2”
are changed in a two-particle mixing event according to

) ] {1—«%2 y/2 ] [((zW)]
= : . 46
{<2122> Y2 1-vy/2 <ZIZ2> (46)

Unless y=0 (the trivial case of no mixing) or {(z})?)=0 (the
trivial case of absence of fluctuations), (z,z,) becomes non-
zero even when the correlation before mixing is zero (z;z3)-.
This point of existence of correlations between particles after
mixing can also be illustrated by the following consideration.
If value of u=pu, is fixed so that 0 <u,<1, it is easy to see
that mixing events become reversible: mixing with the new
value of u=pu,= ,uj?' would return the particles to their origi-
nal states. Thus, after a sequence of mixing events, this se-
quence can be replayed back in reverse order with ,u,:,uj?l
and the initial state of all particles is then restored. It should
be noted that the absolute values of T;l ~ I—M? and T;I ~1
- ,uf: 1- ,uj?z are not consistent with each other [the dissipa-
tion time 7 is given by Eq. (24)]. Indeed since the variance
increases in the reverse process at the same rate as it
decreases in forward process, one would expect that 7';'
=—T;l where the negative sign of T;l indicates increase in
the variance. However, Eq. (24) predicts a much faster rate
of variance growth given by 7';1 ~1- ,u,;z. The apparent para-
dox is explained by the fact that Eq. (24) is derived for the
states without significant initial correlations between the par-
ticles while the reverse mixing process begins at the state
with significant dependences between the particles created
by the preceding forward mixing process (any small distur-
bance of this state results in rapid relaxation of 7 from 7'
=—T;l tor'~1 —,uj?z). This consideration indicates that the
chaos hypothesis should be used with care in case of two-
particle mixing.

The consideration of forward and reverse mixing effec-
tively involves conditioning on a selected sequence of mix-
ing events. However, correlations between particles may ap-
pear in two-particle mixing even if the final state is averaged
over all possible mixing sequences. The homogeneous case
has some advantages, which are exploited in this section: as
demonstrated below, this case allows for exact closed formu-
lation for the moment equations even when the chaos as-
sumption is not valid and the equation for one-particle PDF
is not closed.

In homogeneous case, operators L and L retain only a
single term—the time derivative and that 6,,=6, does not
depend on x,-X,. Since two-particle mixing strictly pre-
serves the first moment (Z), we can put (Z)=0 and replace Z
by z=Z—(Z). This makes our consideration more transparent
and does not involve any loss of generality. The equations
for the second moments, which can be obtained from PDF
Eq. (38) at k=2, become

d 2
L0 _ g~ 111 - 7 7D, 47)
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d(z12)

o 00((z1(1 = ) + 722) (2o(1 = ) + 7721) — 2120)

+200(n = 2)(z/(1 = ) + Tz3)za — 2120).  (48)

At this point we use the fact that all particles are stochasti-
cally equivalent and (z2)=(z3) and (z,2,)=(2123)=(z322)-
With the use of these relations, the equations for the second
moments can now be written in the form

2
L8] 20 DD - i), “9)
L) it - ere). o)

where
y=7-7 =4

Equations for the moments are derived from the BBGKY
chain of PDF equations in Eq. (38). Nonzero correlations
between particles (z,z,) are generated by the first term on rhs
of Eq. (38) at k=2 which is n—k times smaller than the
following term. The first term in Eq. (38) at k=2 is closed
but the correlations that are generated by this term make the
following term not closed since the following term involves
P;. However, the system of the second moment Egs. (49)
and (50) appears to be closed in this case due to equivalence
of the correlations noted above. For example, if P,(z;,z,) is
known while P5(z;,z5,z3) is not, then (z,z3) is known since
(z1z3) is the same as (z,z,) which is determined by P,(z;,z,).
In general, for each m, all equations for the moments of order
that does not exceed m form a closed system. Derivations of
these equations require m equations k=1,...,m from the
BBGKY chain (38).

With the use of new variables G and K, The second
moment equations can now be rewritten in the form

d
d—f =0, G=(DD+ -1z, (51)
d
d—It(:—Z&n(?)K, K=(z}) —(z122), (52)

where mixing does not change G but reduces K. Assuming
that (z%):(z%)o and (z,2,)=0 at the initial moment of =0, we
obtain that G=(z}),. The physical meaning of G is now con-
sidered. Let S,=z;+ - -+z, be the sum of all-particle values.
It is obvious that (S,)=0 since (z,)=0 but (Si)zn(z%%n(n
—1){(z122)=nG=n(z}), is nonzero. Values z, are generated
independently at the initial moment and (Si} must be greater
than zero. Since the value of S, is preserved by mixing,
which is strictly conservative, the variance (Si) does not
change with time while the correlation (z;z,) increases dur-
ing the mixing process. Mixing is effectively terminated
when K—0 and (z,2,) —(z}). Finally, we take into account
that G=<zf>0 and obtain <z1zz>=<zf):<z%>0/ n at the limit of
=,
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We can now conclude that (z,z,) becomes positive dur-
ing mixing process and this indicates violation of the chaotic
conditions. However, if the number of particles n is reason-
ably large (and this is the case in practical applications), then
the correlation (z,z,) is small (~1/n) and can be neglected in
the homogeneous case. Dependences between particles are
spread over all particles and appear to be small when n is
large. Hence, in two-particle mixing the chaos assumptions
are not exact but represent a good approximation provided a
sufficiently large number of particles present in the simula-
tions. We need to note that smallness of the interparticle
correlations is determined by the smallness of the first term
compared to the second term on rhs of the BBGKY chain
(38). Higher moments require considerations of equations
with higher & in this chain and this results in a reduced rela-
tive value of the second term on rhs of Eq. (38). Hence
statistical dependence is more pronounced for higher mo-
ments than for lower moments.

VI. LOCALIZED TWO-PARTICLE MIXING:
DEVIATIONS FROM CHAOTIC CONDITIONS

In this section, we investigate deviations from fully cha-
otic conditions for the case of two-particle mixing which is
localized in physical space. Localization in physical space
means that particles are engaged in mixing interactions only
if they are sufficiently close to each other in physical space.
The intensity of mixing can be expressed for this case by Eq.
(36)—the intensity of mixing between particle p and another
particle is positive only if the other particle is located within
V,—the volume of mixing interactions for particle p. In the
previous section, we determined that the effects of depen-
dence between particles do exist in two-particle mixing but
appear to be small when these effects are spread over a large
number of particles. Nevertheless, when mixing is local,
these effects can be locally amplified with dramatic conse-
quences for the intensity of mixing even if the overall num-
ber of particles n is very large. This section introduces analy-
sis of nonchaotic behavior on localized mixing.

The radius r,, of the spherical volume V,, (or V, when
this volume is associated with particle p) is presumed to be
small compared to ry—the characteristic scale of the problem
under consideration. In this section, for the sake of simplic-
ity, we neglect the influence of the source terms (i.e., we put
W=0) since in consideration of effects associated with small
scales, the diffusion terms are dominant over the source
terms. Strict asymptotic expressions can be obtained for two-
particle mixing for two limiting cases of n,<<1 and n,>1
while a general case is subject to approximate treatment that
is compliant with the asymptotic expressions and with diffu-
sional interpretation of interactions with third molecules.
Here, n, denotes the average number of particles in the mix-
ing volume V), not counting the particle p (i.e., in the terms
used here the average number of interacting particles); n,, is
defined after Eq. (36).
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A. Mixing rate

The equation for the scalar variance (Zf)]
LZ)\ 1= (n = 1(0,((Z,(1 = ) + HZ)* = ZD),
=(n— 1)902<7>f (21210~ <Z%>12))Px(xz)dxz,
v

(53)

which can be obtained from Eq. (37) is not closed since this
equation involves correlations (Z,Z,),. Here, subscript indi-
ces are used to indicate conditions for averaging. For ex-
ample, (Z3), is the average of Z7 conditioned on a given
location x; of particle 1 while (Z3),, is the average of the
same value, Z%, conditioned on positions x; and x, of par-
ticles 1 and 2. Thus, (Z2), depends on x,, while (Z,Z,);, and
(Z3),, depend on both x; and x,.

Equations for (Z}),, and (Z,Z,),, are obtained form (38)
with k=2:

L(ZD 12l = 0,02, (1 = %) + 51Z,)* = ZDs
+(n=2)(003((Z)(1 = 7) + 7Z3) = Z)1a, (54)

L,[(Z,Z5)15]
= 0,(((Z,(1 = 9) + 72)(Zo(1 = ) + Z1) = Z,Z) 1)
+(n=2X03((Z\(1 = ) + 9Z3)Z, = Z\Zy) 1
+(n=2)03((Zo(1 = 9) + HZ3)Z, = Z, Zy))1- (55)

The rhs of these equations involves two terms. The first term
is closed but this term represents direct interactions of par-
ticles 1 and 2 and this term is responsible for deviations from
fully chaotic conditions. The second term represents interac-
tions with other particles (other than 1 and 2). This is closed
only under chaotic conditions since, unlike in the homoge-
neous case, {(Z,Z,);, and (Z,Z3);, are not the same due to
spatial conditioning. The overall influence of the second term
averaged over all values of x, is always dominant over the
first term since the second term is multiplied by a large num-
ber, n—2~n. The first term, however, can be the largest in
the mixing interaction volume V;. Indeed, in the mixing in-
teraction volume, the first term is proportional to 6, while the
second term is proportional to 6y(n—2)= 6y (n—1)=6yn,.
Hence if n,>1, the second term is always dominant and
chaotic conditions are not violated at the leading order of the
analysis. If n,<<1, the first term asymptotically determines
the structure of the solution near the mixing volume and we
can write the following leading order expressions:

ZZ[<Z%>12] == 2912( ‘7>(<Z%>12 - <lez>12)s (56)

L(Z1Z:)15) = 201N (Z D) 12 = {Z1 Zo)1o).- (57)

With the use of the variables G and K, these equations can be
transformed into

L[G]=0, G=(ZDn+{Z\Z)n» (58)
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01,02,(5‘,02

dimensional case d=3; (—) C,(\), (—) Cy(\), (------- ) C,(\), and
( """ ) 62()\)
L[K]=-40DK, K=(ZD1,~(Z\Z)1. (59)

If mixing is localized and r,, is much smaller than the char-
acteristic scale of the problem r, diffusion appears to be the

dominant term in the operator Zz. The solution is sought in
form of

K=<zz>¢(L,>\,d), yi=xb—xi, =y, (60)
26,y

\2= 209, (61)
D

and given in the Appendix. This solution indicates that the
mixing volume is surrounded by a variance depression where
the particles have strong correlation

1-

(v, = <Z1>1, (2122)v, = <Z1>1 (62)
The main global effect of this depression is attenuation of the
mixing rate which can be determined by substituting the so-
lutions for K =<Z%)12—<ZIZZ)12 into Eq. (53) yielding the fol-
lowing equations:

Li(Z) 1= =2(n = 1){7 6,Cx{z])1, (63)
1 Ty D
===, 64
n <7>90C2 ¢, n,C ( )
_4 T (65)
T e nwe " Ddd-2)
C
C\d)=d(d-2) 75, (66)
_ Lyp(N) )_l
Cl()\,d)—(l () d-2)] . (67)

The parameter A determines the degree of deviation from
chaotic conditions—these deviations are large when A\ is
large and small when \ is small. The function C5(\,d) de-
termines the increase in effective mixing time 7 and are
shown in Fig. 1 jointly with C;(\,d) for d=3. It should be
noted that this increase is not related to any reductions in the
frequency of mixing—the programmer may think that it is
the old value of the mixing time denoted here by 7, that
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determines the mixing rate. In fact, mixing can be much
slower when \ becomes large. At the limit of very large A\,
the mixing rate does not depend on 6, but is linked to the
diffusion time 7, which determines the diffusion flux of vari-
ance toward the mixing volume V. The effect of correlation
between particles, which may seem to be small when exam-
ined on large scales, can play a significant or even a domi-
nant role in a mixing locality.

The reduction in intensity of mixing due to correlations
between particles can be interpreted as effective “premixing”
between particles prior to a mixing event. The effective ex-
tent of mixing for this premixing is Ypem=1-C, so that the
reduction of variance and generation of correlations specified
by Eq. (46) with (z}z3)=0 is the same as given by Eq. (62).
This imaginary premixing is followed by the actual mixing
event whose impact is reduced due to correlations between z;
and z,. The resulting effective extent of mixing is given by
Yeir=(1=C,)+C,7y. Here we use that the overall extent of
mixing of two sequential mixing events with ¥, and vy is
given by ¥er= Yprem+ (1= ¥prem) ¥ Which corresponds to aes
= Mpremis- From a practical point of view, evaluation of cor-
relations between particles may be complicated and stochas-
tically inaccurate when the number of particles is small. It
seems that the simplest indicator of the dependences between
particles could be repeated mixing between the same par-
ticles. The fraction of couples experiencing multiple mixing
events should be small under proper chaotic conditions.'' We
note, however, that two-particle mixing is complicated and it
is possible to have mixing between different couples of par-
ticles selected from a fixed group of three or four resulting in
stochastic dependences appearing within this group.

We note that steady localized solutions of the problem
can be obtained only for dimensions of d=3. In the one-
dimensional case, the zones of variance depression will
gradually expand creating growing areas of particles with
correlated values. The details of this solution are problem
dependent. In the two-dimensional case, the solution is rea-
sonably close to localized steady solutions observed in
higher dimensions. However, the variance depression has
logarithmic dependence on r which indicates that this de-
pression tends to slowly propagate outward and this propa-
gation terminates only when the outer scale of the problem,
ro, 1s reached. This is used in the appendix to obtain an
approximate solution for the two-dimensional case.

B. Numerical diffusion

It can be expected that existence of correlations can have
an attenuating effect not only on the rate of mixing but also
on numerical diffusion. Indeed, due to correlations between
Z, and Z,, the value (Z,);,—(Z,),, in the integral

Z1[<Zl>l] =(n—1X012(Z, + W2y - Z)) = Z)))

=n=10( | (ZD)1n—{Z)1)P(xy)dx, (68)
Vi

would appear to be smaller than under fully chaotic condi-
tions. Equation (68) is obtained by evaluating first moment
of Eq. (37). This equation is not closed and involves first
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moments (Z,);, and (Z,);, which are conditioned on loca-
tions of both particles. The equations for this doubly condi-
tioned moments can be obtained from Eq. (38) with k=2 so
that we obtain for (Z;),

LZ) )= 002, + W2y~ 2)) - Z)),
+(n=2)(05(Z, + 7Z3 - Z)) = Z)))12.  (69)

This equation is also not closed due to the presence of (Z3),,
terms on rhs. However, as in Sec. VI A, two limiting cases of
n,>1 and n,<<1 allow for asymptotic solutions. In the case
of n,> 1, the second term on rhs of Eq. (69) is dominant and
this corresponds to chaotic conditions since deviations from
chaos induced by the first term are small uniformly in the
domain. In the opposite case of n,<< 1, the first term on rhs of
Eq. (69) appears to be dominant in the mixing volume. The
leading order equations in the vicinity of the mixing volume
take the form

LZ )] = 0212 = (Z 1), (70)

L{Zy) 12l = 0 DUZ )12 = (Zy)1a) - (71)

Here, we use the fact that the equations for (Z,), and (Z,),,
must be equivalent due to stochastic equivalence of all par-

ticles. With introductions of new variables G and I?, this
system of equations takes the form

L[G]=0, G=(Z)n+{(Z)n, (72)

LIK]=-20,DK, K=(Z);,~{Z)1. (73)

The function K(x,,x,) is obviously an antisymmetric func-
tion of its arguments. This and other properties are used in
the appendix to seek the solution in the following form:

K((@) +1(&) y,-)y_fq;r(L,g,d), (74)
ax' ), 2\ox'ax ) ) r m

where a new parameter X is introduced by

P, N 2 )

D " B (@
The asymptotic solution found in Appendix determines that
the value of numerical diffusion is effectively reduced when

. B (75)

X is sufficiently large according to the following equations:

na00< 77>f% =~ ~ f% CZ()\) Ng ~
Dm = —CZ =Lyl ="""""°33 ~
2 BrC,(\)  2d

Here, D,,, represents the old value of the numerical diffusion
coefficient obtained under assumptions of particle chaos:

_ P
m0 — 7 = . (77)
T8
The solution exists for all dimensions d =1 and the functions

C,(\,d) and C(\,d) given by
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- - C,(\,d -
Cy(\,d) =d(d + 2)¥=C2(7\,d+ 2), (78)
(N)?
C,(N,d)=C,(\,d+2). (79)

These functions are shown in Fig. 1 for d=3. As N increases,
the numerical diffusion coefficient D,, becomes smaller than
its evaluations D,,, based on the assumptions of particle
chaos. Note that in one-dimensional case (d=1), particle tra-
jectories do intersect and it is possible (at least in principle)
to introduce mixing without numerical diffusion associated
with positive distances between mixed particles.

C. Estimations for other regimes

As discussed in Secs. VI A and VI B, asymptotic solu-
tions can be obtained in two limiting cases n,>1 and n,
<1 since in this case one of the terms on rhs of Eq. (69) is
dominant over the other term. The practical use of Lagrang-
ian particles with mixing requires consideration of a general
case of n,~ 1. This case is most difficult due to complex
interactions between the two terms on rhs of Eq. (69). This
problem, of course, can be treated by considering a large
number of higher moments but this approach seems to use
extensive calculations at the expense of the physics of the
problem. The alternative way of treating this problem is the
diffusional interpretation of mixing interactions with a ran-
domly selected particle. In the same way as we obtain the
diffusional term for approximating rhs of Eq. (68) we can
interpret influence of mixing of particles 1 and 2 with ran-
domly selected particle 3 on the first moment as diffusion
which is, to a certain extent, equivalent to random alterations
of the particle positions. The qualitative physical interpreta-
tion of this effect is given in Ref. 11. With this interpretation,
we can write Eq. (69) in the form

L(Z) )= 0Z, + 72y~ Z)) - Z))1,

HKZ)  KZ)in
+D,\
ox;dx;  dxydx,

(80)

that approximates the last term in Eq. (69) by numerical
diffusion. We have to stress the approximate nature of this
equation. The difference between Egs. (68) and (69) in mul-
tipliers (n—1 in one case and n—2 in the other) is insignifi-
cant since n is very large. In spite of the high degree of
similarity between last terms in Egs. (68) and (69), there is a
difference between these terms since one of the terms is
single conditioned while the second term is double condi-
tioned (on presence of two particles 1 and 2). Presence of
particles other than 1 and 2 in the mixing volume results in
enhancement of diffusion due to likely exchanges between
all of these particles. The previously developed theory can
now be generalized for arbitrary values of n, by replacing D
by D eff>

= _ 0l »

A2 D Deyt=D+D,,. (81)
eff

The old value of this parameter is denoted by
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2.5

< 1.5

0.5

FIG. 2. Dependence of the effective value of X\ on the parameter )to shown
for d=3 and n,=[0,0.4,1,2,4,10,40,100]. The arrow shows the direction
of n, increase.

0D > __2r,

NE = =
°" D """ BDryn,’

(82)

while the ratio D,,/D.g [rather than the ratio D,,/D as in
Eq. (76)] is determined by C;:

D -
= — g7 E\(X,d), (83)
Deff 2

where

1 A2
= —2 , Ty=———, —=—=g. (84)
Cy(\,d) nd¥b N2 N2

Using Egs. (81) and (82), we consider the ratio ):2/):% and
obtain after simple transformations

5 oD ~ D
7\-2=>\2—e=>\2<1+—"’). 85
P17 (55)
The ratio D,,/D can be found by multiplying Eq. (83) by
D/ D=5\%/ N2 and taking into account that C,/(d+2)
=C,d/(N)? according to Eq. (78)
D n — o~

— = —4—\3Cy(\,d). 86
D 2(d+ 2) 0 2( ) ( )
Substitution of this expression for D,,/D into Eq. (85) results
in

):2

N2= (87)

n, ~
1-d—Cy(X
5 CiN)

This equation relates the effective value of X to the value of
No which is known and defined by Eq. (82). Dependence of X

on XO for d=3 and different values of n, is shown in Fig. 2.
As expected for the limiting case of one-particle interactions

n,<1, we obtain 5\%:)? while for mean-based interactions
n,>1, Eq. (87) determines that C,(N\)=2d/n,, N2=2(d
+2)/n,— 0 and assumptions of particle chaos are valid. Here
we use that C;(\) —d(d+2)\* as N—0. Considering that

C,(0)=1, this asymptotics can be easily obtained from Eq.
(78). Equation (87) can be used to estimate deviations from
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FIG. 3. Dependence of C,(\) and as function of C,(\) for d=3, =1, and
n,=[0,0.4,1,2,4,10,40,100] (solid lines). The dotted lines mark condi-
tions C,(N\)=0.9 and C,(\()=0.9 discussed in the text. The arrow shows the
direction of n, increase.

fully chaotic conditions for any value of n,. Figure 3 shows
dependence of C,(\) on C,(\y) for B=1. Values of C, ap-
proaching 0 indicate significant deviations from chaotic con-
ditions and substantially decreased rate of mixing. One can
see that probable presence of several particles in a mixing
volume reduces dependences between particles.

The effect of dependences between particles is con-
trolled by parameter \. This results in increase in the mixing
time according to =7,/ C,(\) =7, where 7, is the mixing
time that corresponds to fully chaotic conditions. The param-
eters A and A= AB~"2 depend on the parameter )’\VO as dis-
cussed above. In the case of two-particle interactions (n,<<1)

parameters X and XO coincide. Multiparticle interactions

(n,>1) result in decrease in X compared to )to and this cor-
responds to weaker dependences between particles.

VIl. IMPLICATIONS FOR NUMERICAL METHODS

The requirements of minimizing stochastic variations
(z%), minimizing bias induced by numerical diffusion and
preserving independence of particles are competing require-
ments. Existence of competing requirements for minimizing
errors is common in stochastic calculations.'"'*** The vari-
ance (z%) can be reduced by increasing intensity of mixing
and reducing 7 but this amplifies the numerical diffusion

since D,,~ r2/ 7. Decreasing 7 also increases X [see Eq. (82)]
so that dependences between particles become more signifi-
cant. The numerical diffusion can be reduced by localizing
mixing and reducing r,,. If d>2, then n, decreases faster

than r2 so that X increases. Under chaotic conditions when
values Z, assigned to different particles are stochastically
independent, a single particle is sufficient to characterize all
other particles. Deviations from chaotic conditions are al-
ways small on a large scale provided the number of particles
is sufficiently large. This, however, does not ensure that the
particle independence is preserved locally, in the vicinity of
mixing region. The effect of particle dependence is localized
for high dimensions d=3 resulting in reduction in the mix-
ing rate and attenuation of numerical diffusion. The local
effect of particle dependence is small provided diffusion co-
efficient D is sufficiently large or provided a sufficiently
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large number of particles n, interact with a given particle. In
one-dimensional case, the effects particle dependence does
not stay localized and expands slowly to surrounding do-
main. We now examine the issues of reducing numerical er-
rors in greater detail.

A. Convergence with localization
and convergence with intensification

Among various possibilities for selecting mixing param-
eters under conditions of increasing number of particles 7, it
is worthwhile to distinguish two cases:

» convergence with intensification n—o°, r,,~ const,
T~const, D,,~ r,zn/ T~ const, and n,—
* convergence with localization: n— o, r,—0, 7—0,

2
D,,~r, /70, and n,~ const.

The first limit corresponds to fixed localization and fixed
dissipation rate. The increasing number of particles results
only in progressive enforcement of chaotic conditions while
scattering of Z around its mean (Z) remains. Once particles
become effectively independent, any further increase in n
does not change anything. Although the whole set of par-
ticles can be characterized by stochastic properties of a
single selected particle, having more independent particles in
the flow allows us to evaluate averages (stochastic errors
associated averaging over particles are assessed in Ref. 19).
The exact solution of the scalar transport equations is not
achieved in this case due to persisting scattering and smooth-
ing effect of the numerical diffusion. In context of large eddy
simulations (LESSs) of scalar transport in turbulent flows, we
can refer to this convergence as convergence to a model. In
this case, the scale r,, is linked to the LES filter (grid) scale
and large n,— % allows for accurate evaluation of the aver-
ages within cells. According to the long-standing tradition of
PDF and FDF (filtered density function) simulations, "' "*'®
the valiance (z?) is treated in this framework as a model for
subgrid scalar variations. The issues related to modeling of
turbulent reacting flows are specifically considered in Paper
11 of this work.'® Note that it is possible to use a combination
of the limits so that n—o, r,—0, 7~ const, Dm~r,2n/7'
—0, and n,— . In this case, slow reduction in r,, is com-
pensated by increase of n so that n, also increases enforcing
particle independence. Due to vanishing smoothing effect of
numerical diffusion, this limit requires an explicit LES filter-
ing procedure to suppress subgrid fluctuations of the simu-
lated scalar fields.

In the second limit the increasing number of particles is
used to localize r,,— 0 and intensify 7— 0 mixing. Intensi-
fication of mixing tightens the stochastic scattering {(z>) ~ x7
[see Eq. (20)], although parameters must be selected in a way
that ensures attenuation of numerical diffusion. We also note

that N2~ D,,/(Dn,) —0 and chaotic conditions are also en-
forced at this limit. Thus, the value of Z converges to the
exact solution of the scalar transport equation since the sto-
chastic scattering and the bias due to numerical diffusion
disappear at this limit. We can treat these particles with sca-
lar properties and mixing as alternative stochastic process
representing the diffusion equation. In case of a turbulent
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flow this limit can be referred to as convergence to direct
numerical simulations fully resolving all details of the scalar
field. The problem of best selection of mixing parameters
which minimizes the associated numerical errors is consid-
ered below.

B. Minimizing numerical errors
for two-particle mixing

In the rest of this paper, we consider the three-
dimensional case of d=3. We also note that, as shown in Ref.
11, the parameter S is restricted by 1 ==2 with 8=1 cor-
responding to conventional Curl’s model with »=1. In order
to provide numerically accurate simulation we wish to en-
sure minimal scattering of (z%) under condition that numeri-
cal diffusion D,, and dependence between different particles
remain small:

D (71iz2)y
m d 1
D =&p an >
<Z]>]

= €z, (88)

where &p and e, are some small values representing accu-
racy that we deem satisfactory. The second of these condi-
tions implies that 1 —C,=2¢, in Eq. (62). Expansion of Eq.
(A9) into Taylor series C,(\,3)=1 —%)\2+---, we obtain the
following restriction A2=5¢, or N2< 5g,/ . This restriction
can be satisfied by A\2=5¢e, and ):(2)5582/,8 or, if we take
into account asymptotics A2—10/n, as n,— o, which is de-
rived in the paragraph after Eq. (87), by n,=2p/¢e,. This
point is illustrated in Fig. 3, where C,(\) is plotted versus
C,(\p) for B=1 (in this case we do not need to distinguish \

from A and Ao from ):0). We take £,=0.5 which corresponds
to C,(\)=0.9 (and to \><0.5). This condition, which is
shown by the horizontal dotted line in Fig. 3, can be satisfied
by Cy(\) =0.9 (and by N\2=<0.5), which is shown in Fig. 3
by the vertical dotted line, or by the condition n,=2/g,
=40 (this condition is represented by the area above the sec-
ond curve from the top in Fig. 3).

Assuming that g, is sufficiently small so that 7= 7, and

D,, =D, at the leading order, we can write Eq. (82) as \J

=10D,,/(Dn,B). Hence, 2n;'D,,/D=<g, ensures that ):%
=5,/ B. The restrictions imposed on the parameters are
now given by

Dm
o =ep (89)
and
2 2D
(a) n,= 28 or (b) n,=——". (90)
€y €y D

Equation (89) ensures that numerical diffusion is small com-
pared to physical diffusion while either of the conditions
specified in Eq. (90) is sufficient to guarantee the required
level of particle independence: condition (90) by offering
choice of many partners for mixing and condition (90) by
stirring particles by random walk. If D,,/D = (3 then satisfy-
ing condition (90) is easier than satisfying condition (90).
One can see that n,=2¢ep/ e, ensures particle independence
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in this case. Note that if we impose very tight restrictions on
numerical diffusion but not on particle independence then
relatively small n, can be sufficient to satisfy these require-
ments. The conditions of intensive particle random walk
(large D/D,,) and very small n, would require special mea-
sures of detecting the events of particles randomly approach-
ing each other or a correct assessment of probability of these
events within a time step.

For constraint (90), the minimal allowable value of r,, is
given by 2 =2g,/(en,) where n,=(4/3)m(n—-1)P(x,) is
proportional to the particle density and V,=(4/3)7r. is im-
plied. Condition (89) with D,,=r2/(587) determines the cor-
responding minimal values for 7 and quasisteady variance

(2)=xTby

1 2 2/3

(—@) X 91)
S5Bep\n,e;/) D

One can see from this equation that enforcing stricter accu-
racy conditions by reducing & and/or reducing &, increases
stochastic scattering and vice versa.

In some cases the value of D can be very small, for
example, D=0 for conventional Lagrangian particles. In this
case, we may have to allow some numerical diffusion D,,
which is small with respect to other parameters of the prob-
lem but is significantly greater than D. In this case of large or
infinite D,,/D, it could be advantageous to satisfy the first
(but not the second) condition in Eq. (90). This means that if
particles are not engaged in a random walk of noticeable
intensity, preserving the independence of particles requires
sufficiently large values of n, as determined by n,=2p/¢,.
Note that the estimate (zlz2>vl~<zf>1/na is similar to the
estimate (z,2,) ~ (z3)o/n obtained in Sec. V for nonlocalized
mixing where in both cases n, and n represent the average
number of potential mixing partners.

<Z2>min =

C. Choosing between mixing schemes

As shown in Sec. III B, numerical diffusion is expressed
by the same (or, depending on exact implementations of the
models, similar) equations for both two-particle and mean-
based mixing. Hence, both mixing schemes will have the
same bias induced by numerical diffusion for the same val-
ues of r,, and 7. However, we can show that, under certain
conditions, two-particle mixing model can afford much
smaller values of r,, than mean-based mixing and, because of
this, the former model becomes more computationally effi-
cient than the latter.

First we note that Z,, does not exactly coincide with (Z);
indeed, the level of fluctuations of z,=Z,,—(Z) is given by
<zfn>:<z2)/ n,,. Here we use Egs. (15) and (16) while assum-
ing that values Z,, which belong to n,, particles participating
in mixing event, are independent. If we expect that a mean-
based mixing model is implemented with a given precision
and that stochastic errors in evaluation of (Z) do not exceed
(22)/(z*y=n,'<e,—the same precision that we demanded
for the implementation of the two-particle mixing model in
Sec. VII B. While the conventional interpretation of two-
particle models requires independence of particles, our inter-
pretation of the mean-based mixing models requires accurate
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evaluation of (Z). This requirement distinguishes our defini-
tions of two-particle and mean-based models (without this
requirement we can make n,, as small as we like and the
smallest possible n,,=2 converts the mean-based mixing into
two-particle mixing). In order to have n,, particles participat-
ing in each mixing event, we must ensure a sufficient aver-
age number of particles n,=c,n,, is located in the mixing
volume. Since ¢, is, obviously, restricted by c,=1, we as-
sume that ¢, is a constant of order of unity. The accuracy
restriction imposed on the mean-based mixing model takes
the form

c
n,=c Ny, = -, (92)

This restriction determines the minimal possible level of sto-
chastic scattering by equation

1 2/3
(C_) X ©3)
5Bep\n,e;/ D

<Z2>min =

which is to be compared to Eq. (91). Note that condition (92)
of having a sufficient number of particles in the mixing vol-
ume is essentially the same as Eq. (90). However, in the case
of two-particle mixing it is sufficient to satisfy condition (90)
to ensure the same level of accuracy. We obtain from Eqs.
(91) and (93) the following estimates for the minimal sto-
chastic scattering of the models

x/'D

2 A=

(z >min)[2] -~ 81D/38§/3nz/3’ (94)
5 x/'D

(z >min)[<Z}] -~ st§/3 3’ (95)

Two-particle mixing models generally have a better perfor-
mance compared to mean-based models since the former al-
low for better localization of mixing. These equations also
indicate that, in order to ensure the same numerical accuracy
and scattering of the simulations, the mean-based mixing
needs a significantly larger number of particles than two-
particle mixing,

Wiy 1

. 96
S G)

We need to stress that this difference in performance of
the models is related only to n,—the number of particles
participating in each mixing event. Smoothness of the trajec-
tories generated by mixing models is another factor that can
affect the model performance, although to a smaller extent.
As shown in Ref. 11, the value of parameter B varies be-
tween 1 for discontinuous mixing =1 and 2 for continuous
mixing 7— 0. Equations (91) and (93) indicate that a con-
tinuous mixing model would perform better and allow for
twice smaller scattering (z%),,;, compared to a highly discon-
tinuous model.
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Viil. CONCLUSIONS

The main conclusions of this work are now summarized:

 Diffusion can be accurately modeled by Lagrangian
particles with random walk and localized mixing
which can be seen as an alternative representation of
the diffusion.

e Unless the number of particles tends to infinity and
localization of mixing is progressively enforced, nu-
merical diffusion is present in the simulations.

e The mean-based models (mixing models involving
evaluation of means) are easier to analyze since par-
ticles (i.e., scalar values assigned to the particles) are
fully independent in these models while two-particle
models are probably easier to implement than the
mean-based models. Two-particle mixing is shown to
be more efficient than mean-based mixing in reducing
numerical diffusion for conditions when a limited
number of particles is used in simulations.

* In two-particle models, dependences between particles
are, typically, small and can be neglected at a global
scale. However, the effect of these dependences can be
dominant in mixing localities resulting in significant
reduction of the mixing rate. The problem of depen-
dences between particles has similarities with the
problem of deviations from molecular chaos—the hy-
pothesis of molecular chaos is widely used in statisti-
cal physics. We offer a comprehensive analysis of this
problem which is based on using a chain of PDF equa-
tions that has some similarities with the BBGKY chain
used in statistical physics.
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APPENDIX: ASYMPTOTIC EVALUATION
OF THE DAMPENING FUNCTIONS

In Appendix we obtain asymptotic solutions for the first
two moments in vicinity of mixing volume. Mixing consid-
ered here is localized which means that the radius of mixing
volume r,, is much smaller than the scale of the problem
under consideration r,. Under these conditions, the diffusion
term is dominant so that we can write

s s &

L,~-DV3=-D———-D——~2D
ox| dx 0X5 d Xy

c7yi J yi > (Al
where the difference between particle positions is denoted as
y'=x}—x' and we use that dependence of the moments on
distance between particles which is used in the definition of
the mixing volume r*=y’y'=<r2. In spherical coordinates
with the use of r>=y’y’ and cos(¢)=y'/r
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e 1 a(dla)
. — | 7
ay' &y rlor or

1 Jd &I?
. d-2
+———— | sin(@)*2— | 4 -+,
= sin(<,o)‘1_2 (9(,0( () r?qp)

1

cos(p) = y_.
r
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(A2)
2 = yiyi,

Here, d denotes the dimensionality of the space and we retain
only these terms in the Laplace operator that are needed.

1. Variance depression

With K=K(r), Eq. (59) takes the form

d-1
K"+ @-1 ) =A’K.
R

(A3)
Here we denote the derivatives by K'=dK/dR and use A
defined by A=\ for R=<1 and A=0 for R>1. The boundary
conditions are given by

K'—0 as R—0 and K—(z}); as R—o. (A4)
The solution is represented by the following functions:

(D CF(\R), R<1

= c , (AS)
<z%>1<1 —RT;), R>1

Lyp-1(N) , Lyp(N) (1-cy
F(?\)=W, F'(N) = =R Cy= Ny (A6)
F(\) )-1 C
Ci=(1+ d-2)| , Cy=dd-2)—, A7
1( o) GEdd-2y (A7)

where I, denotes the Bessel function of order v. The integral
of K over the mixing volume

! oK
f )\ZKR‘HdR=(R‘H—> =(d-2)CK,,
0 IR/ =i

1
1
R*dR = —, (A8)
0 d

1 d(d -
(Zhv, ~(Z\Zo)y, = 7[ Kdv= : )C1<Z h=Colzih
1y

1

determines the intensity of mixing. The limiting asymptotes
for the functions C; and C, are given by C;(\)—0, C,(\)
—1as N\—0 and C;(\)—1, C,(\)—0 as A\ — . In three-
dimensional space the equations for C; and C, can be sim-
plified

tanh(\) N\ —tanh(\)

Ci=1- , Cy=3—""7%—. A9
1 N 2 )\3 ( )

In two-dimensional case obtaining fully steady solution sat-
isfying the boundary conditions is impossible due to loga-
rithmic behavior of the solution. The depression becomes
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dependent on the outer scale of the problem r. For this case
we can still approximately write

F(\) )-‘
NE'(N))

—adS aomry) =1n(ﬁ>.

A\’ i

(A10)

C1=<%+

Note that one of the asymptotes is different for two-
dimensional case: C;(\) — %~ as A — .

2. Attenuation of numerical diffusion

We first expand the mean (Z,) for particles p=1 and
p=2 into the Taylor series up to the second order terms
inclusive

o\
<Zp>=<Z>0+ (%)O(xzp_xé)
1 &z S
+5(ﬁ)0(%ﬁ6)(x;,—xg)+

The difference of the single-conditioned first moments is
given by

(Z)r=(Z )1 = QX' (A11)
where Qf) denotes the following expression:
: ﬁ(Z)) ( Z) ) :
b=l— +— ] 2x)). Al2
% (r?x’ o 2\ax' ax (X ) ( )
The solution of Eq. (73) for K is sought in the form
K=(Zy)n=(Z)1n= Q(X)D(ry), (A13)
where equation for ® takes the form
PO A’
— = (A14)
ay'ay r,

and A is defined as A=\ for r= r,, and A=0 for r> 7, The

boundary conditions for function ® are given by

®(r,00=0 and O(r,y") — y' as r— . (A15)

We also note that the functions K and ® are antisymmetric
with respect to the variable y that is ®(r,y")==d(r,—y").
With the use of spherical coordinates

y'=rcos(¢), R=r/r, we represent the solution in the form

D =cos(¢)D,(R) so that

1 9 oD d—1~
— Rd-l—’)— =A%, Al6
Rd‘laR< IR R? ¢ (A16)
CoF(NR), R<1
= ¢ (A17)
1
re R>1
Ip(R)  ~ (l—C)
F(R) = d’j/zl, 0= (A18)
F(X)
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-1 6‘
- — |, Cy=dld+ 2)72‘.
N g (N) A

_ d 1,,(N
144 an(\)

C, = (A19)

As in the previous subsection, /, denotes the Bessel function
of order v. Since evaluation of the integral

[ d<dZtl>l } =(n=10K7 | (Z12—{Z )12 Px(xz)dx;
[2] v,

is performed for constant x;, the point of expansion X, can
now be selected at the location of particle 1 so that x)=x]
and X’ —2x{)=x§—x’i= y. The integral gives zero values for
terms linear in y’, hence only the quadratic terms have to be
considered,

(Z2)12={Z) 1) P(x,)
otz or,

1 6X2) ) o
=t | P+ ——— | YO(r,)).
(20x’0x’ Tooxt ox ]y (r.y)

(A20)

With assistance of the integrals

| _
1,,(NR
f RI-L2Z—L 2(AR) dR
o (AR

1
f RY4R
0

5 *cos(@)’sin(@) e

1
J ¢ sin(@)de d’

Id/2+1()\)
()’\”)d/Z

evaluation of the quadratic terms

LI i@0ya &
1 r vy =
vi), T g

results in the following expression for the numerical diffu-
sion coefficient:
n 0 =~ 71 Co(X
D,, = Mczz _1£ (A21)
2 BTC(N)
In the three-dimensional case the equations for C , and 6‘2
can be simplified:
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- N+3-3Ncothh) = N2 +3 =3\ coth(N)
C] = — 5 C2 = 5 .

A2 N

(A22)
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